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Hearing Feynman lecture in person on the math-physics is a good preparation for this lecture. The

lecture "Relation of Mathematics to physics” can be found at:

http://www.youtube.com/watch?v=M9ZYEbOV{8U

S

Anothere related lecture worth hearing is:
Mathematician versus Physicist

http://www.youtube.com/watch?v=obCjODeoLVw



LECTURE |

[NTRODJCTION Tb THE LECTURES DN
MATHEMATICAL TECHNIQUES
of

ENGINEERING AND PHYSIKS

TodA? begins A Mew TeAR of LECTVRES AND ThS Time we wiil
DISCUSS The subsect of MATHEMATICAL MEMODS 6F ENGINEERING AND
Physics. We will be DBCOSSIMG Sochk TOPs A COmMPLEX
NOTATION , VECTOrd T EwWdors  uArious SPeCIAL FupUNDLS [KE DESSEL
-f-ulot’nbus Whith com& AhodT N NON LING ?rthEHS"FOorlegwwS‘ﬁ)rnSj
PND SERuES.

Our Prablém 15 POT To  For mUATE The PhYSILS oF A Giuéw Problem
buT rATher To APPLY USEfuL  MAmeATIAL TECANIQUES EN SOLVING
ThE RESULTING EQuAToNns. As such our €forTs witl NoOT be
DirecTen TowhArd GEnErdLIR ING Oor TESLLIS TO # Rrofd CAds of
Probi €15 buT rATher Jo PAY ATENTIONS To C&HTHN ASPECTS of The
Probiem 1M QuesDoy. The FIrsT ANd 'Fomqos’i‘ TAS K be'{vre @3 I570
Soem oL ATE AN MIPrIRIMAte EQUATION wrhth ConTins The Physics
Aod whith AN be APOProx pmaTELY  SOLVED . FT 13 imPorTHIT Fo APPreiATE
ThAT weé Are NoT STIVIMG Hor The ExACT ANSWEN hoT snty For
Al APPLOXIMATELY [loWF ANSwWER, T3 MoST be KEPT 1M mMinD AS

wE Prosress: ALWAYY femémber The Agcuracy of The Desiren ANSweR,

SoLvin &~ EQUANDAN

We ALl KNOW how TV SAHVE The Simple QGUidrATIc EQURNION

x4+ 2x+ 7 20

AND WC ShoulD KNOwW Kow TO SolVe The (ubic &QuiiTidy
X2+ kbt & -1 =0

bur how Do we soLveé For X GIVEN The ¢QUATION

e* = cosx?



These SimpLe EXAMPLES CAN be CATEGoriTED AS A SeT of EQuATIons
which Are o
a4y LiNeAr  AND Therefore TriviAt
@) QuabrATIC " b
A (3) ALL ThEREST wHich Areé NON THIVIARL
IT 15 The Third cATEGOrY which JuTeresTs The MOST SINCE 1N The
REAL WOrLD ALl TweE Probiem ARE Foud IN 1T

LET TRKE AN ExAmPre of A Cobic EQoMONM And SE€ how
WE MIGWT Sowve 1T, Glueny The Cubic whith we wmTE AS,
b - AX
x>
WE wiltl SOLVvE T bY The ™AL And Error MeThon. I Ths
METRO GIVES ©OS The FrichT ANSweEr - GreaT! There s uoThin &
WroMt WITh TOTITIN G DowaN SOME MumMbERS IM The ProcessS.
TS doesn'T FePresenT A CULTUML LAG | T 1S SicKk T0 Think ThAT
17 1S,

| ordeér To HELP US SoLVE Thé cQUATION WE witl INVEIT
SomME WAYS To INCREASE OvR EFICIenCY IN GUESSING The ANSWER.
LeTs Then Horm A Tabte of vmves JoR X The LefT hAND
Sipe o The egufimon  AND ThE RighT Also weE witt (OmpuTe
The nxf‘?ereuc.c benweey The Twe SiDES, The foLLOWING STEPS
e Faken

STEP X L.H.S R.H.S i

LHS - RHS
1. TRY X=0 o §:000 . 000 I, OUD
2. ThfT DD N'T WOrK 5 TrY X= b 0,50 .00 - . &00

3. THAT DiDN'T WOrK &1 & buT

we Are DM EryPneTr S1pe of Thne
SWEr. WEe MiGhT Guess The

SWer L1es 4 oF The WAY bemesn o5 .0 }, 00 ~.200
O fid ' 50 LEYS TvY X= .5
4 WEre 6STING beTTer Tre X:.4 -4 .Bet +,Be0 t,06L

S ¢mce The Difference 1N 3 Aun 4
(5 ON £1Thér 5106 oF The RAMSwWER o2
INTEPPOLATE b eTweén Trem, 1€ A 1-‘—1:.24

So WY Xz 424 Ay 347 848 001

AND NOw WE WAVE The ANSWER To AN AccurAcy of 1% . So
TS MeEThoD 15 PremY AccurATE ANd s beTier ™Thad A wmachineg
bechuse T (AT GUESS WhBT TO DO NEXT.

2.



Tais HMEThOD of IMNTERPOLATION works wWell wheM The 'DrHé"Rfrpl:(-

BETWEED The TWO  Sdes of The €QUATION Come oUT T be + Anp ~.
Whén ThAT RAPPeNS POV CAN INTERPOLATE AMD GO AGAIN. (JNE

WOrD of CAUMON NEVER USE GrAPh PAPER 5 /T A IS ALWAYS
EAMMER TO USEe Thé NVmMbeRrs.
METHhODS Whith ARE MOPe APProPriATE

They ARE The METOD of ITERATIOM
IS To wWrTeg e EQuimond AS

There Are TwWo MORE
ot MACRINE THAN bY hewp !
And  NEWTON'S METhwoD. ThE 1D
Xooy = L :

1 X

AN Xin VAWG 6.6 X =0
L ETC.

WhERE YOUu Now Try nd Find

Xoul ; Thent PLUC AT [Atve back M

STEp XN XoutT
| 0 . 50
& .5 Y
3 9 3
q 13 Az

H You WANT A LOT of Accurac? i The ANSwWeER This MeThod hAs
ik Error whicth Decreases much more StowlY ThaN The Prévioes
metod. AlLso  Pou hAve To be CAREFIL ThAT The €QuATido W
IS5 wriTien 1IN The RIGKT Horm  oTherwise The AMSWER won'T

CoNvéRGE . To Show This Solve Jor Xow

XtN = : - ’
ZXouT
MAKE A THRDLLE AND START EVALVATING
Xin X ouT
‘{) . 5
.S 0.0
O Q0



To ste wWhnY The ANMSWER 1S DIVEREING LeTS SUDBSTITUTE

Xin 2 XTrRue + € an

Wk&{'é x.r - A -
iZ.Xr
e f Lo )-— € ’x"]/l-rf.ia’
(X1 1 En) (2xs7) 4 %o Ixo4

ExpAnDiNG WE hAVE

Xo - Em
8Xo3
SO0 ™
AT €our = - . €
8xo

€ our iS5 Thed Greater ThAN TWile The Error

IN 50 The
nsw & 1S DIVESGiMG

NéwToN'S METhoD

"The wewTod's MeThoD REQuiresSwRITING The funchion 184 The
4oRm

$xy=0 e

- L _2ax =0
1ix) s t4x*

W oyou Are close TO0 The ASWER wi™h A Guess SAY X1 Thew
EvalvAte 10X And Atso (X}, IN Twis cAse

‘&'(X} > 22X 4 ™
C1xY) £(x) \
Tren The NXT TPY wWould be AN

. X
N—
Xe = Xi ~ {0x) I .
§'0%)
TRY X,20 e £(X)= O~ Va = .5 pNd £(X): ;_Zzg
M X-L':. '5 - '....3: - .4?—“{
2.6

This TELhN1QUE DOEIN'T REQURE Much JNTELL GENCE # SO 1T

IS ereny for A COMPUTER . The ABWER witl ALWAYS CONV&Ree
excerT for A tew rhre EXAMPLES. Howewer TMIS METhop REQUIfES

EVALVATCNG BOTh (X} And (X} . $'(X) MAY be hmd TO
comPute ANd Difficos T0 EVALVATED



T " “X
’ PRODLER

SOLVE e = WS X To ) °lo

A word ON  coMmPLEX 7ROOTS. 14 You mMmADE A MISTAKE MMD

DIDN'F DO The ProbDLEM RlehT OF TOU DIDN'T EXPeCT The
PhYSKS RichT The rooTs MAY be comPLex. To FIND COMpLexn ROOTS

You hAVe 10 SoLve TWO €QuATIONMS iM A UNKNOWRNS. This

(AN D& Done by The SAME Procepure A3 OUTLINGD be Fore.
Gven fix,Y) =0 vl 8():,?}30 Sind P A A

fonanon of X 1§ POSSIbLE Then SOobSITUTE BACK INTO ONE
of The &QuUATIONS.

SERIES

WE WANT T°0 DAL wnTh The Problem o SUMMIMG  SERIGS .

There Are Lots of wWAYS To Do T, The EASIEST way INVOLVES

ADDING The NMYMbErs, This MAY SIMIKE You AS odd SiMce You MAY
HAVE beenl TAUGKT A LoT of SwhirP meThop of sSummine Series
which You hive ALL forcoTren. You o of CouRSE€ Try TO Memotizé

The MSwer 14 SOME SPeCIAL CAMN S Mud ThAT 1S GodD SomeTiMe,
Yor E£XAMPLE (T 1S QUITE Vet Ll To KNOw AT

R LR I L CRE

1~ X
OnteE | BNDLW ThAT S€ERIES | CAN dEAL w ITh MDIS LOMPLICATED
SErks svehn AS

I+ Gcod® 4+ Atcos2eO + 2cod38 #+== ¢

ICAN SUDSTITUTE Aor cose,
. . -
cose - Re‘® - 9 re
2

FirsT

Thend | have

ce g -2 0

+ 1 ate + }/,_a.le + --=- =

* ' -9 T -il’-la -

e (1 tae®,ate™ 4+ - ) 1 Yo (trae T rate - )=
| -

%-.. +~ 1 ) = Y ]i-acese 1iasmB L 1mG 0 - upound
(® —_ A, Ly
(t-ae'®) ¢ (i-ae™®) 2

-] -
11 '72€  + YV qe

(n-awse}tf(ﬁSws)L C"“‘-C'SG)L"’(Hwa}b

| - a cose

\

1 -2c 058 40"



A KNOWLEDEE Of COMPLEX RO NombERS (S VERY imMPORTANT
IN SIMPLYING GEOMETrIC S€eryes. LIKE WiRe 1T 1S 1mpotTHuT
TO P& AbLE TO EXTEND OmMe formulA T more APPLICATION, €.6
The Serjes ]
14X

I 1| Now hAvE A HNEW Problem whEre 1waNT The Sum
o} The Seried

- % 4 ¥ =X + ---. =5
L 3 9
VE Twe Numbers v The DemominATOR Are mice Mumbegs oM
Sum The SErtes hur 7O Do TwAT | Neep To KNow How TO
DifterennAE AD INTEGTATE SERIES. UNML | GET The Twe
series N A dorm 1 Recoenize. TN The AS€ Above

=% 4+ xtox® 4 -~ =

| wANT TO G&€T D o+ 2, ‘5}&;} -« To Do TheT
’D\H?eremﬂm LWTh resPecT To (WRT) X
i - R
dixsa] = x-x %0 L xd
dx r 3 7z
I—xl+x3-x‘1+~~ ':__1_
PEX
L= d S¢
1+ X ")( [)( ‘K)J
OR

X S(xy = Am (1tX) 4 CONSTANT
To fiNd The conNsSTANT L& X=o  Thed X3X) =0
S0 C=0 fuD t HAvE

so0 = 4 i

SufPose weE MAKE uf The SERIES

x + x>, x>, x9 e = TU(X
4 1 S i T )
ANd WE waNT To find  Tx). BY DiferevTiaTing
P+ X 4 XY 4 X4 -l = (x)
z 3 3

¥rom The cAse Above
T'OX) = -—; A (1 -x)



NMow W& hAvVE T° INTEGVATE,

)
¥
- 1 -
SUbSTMNTL - Y = e The
-y o
TR) = 5 -u e aq-_g _udy
- o w_
| - e e —i

SO AFTEr AL pur worK WE Are YTULK wiTh A INTEeYAL
whith we have To LooK UP 1M A TAbLG.

The OMLY OTher. fecotirse To Solvine The PREVIDOS Problem
16 To Add UP The MUMDERS, TWAT S00MDY TIRTY buT belicve
ME Twere 1S NOThING WroMé wiTh (T, We hfve Theu
For T

bt Yg + Vg + 1 * -7~ =

1 4+ 230 4.1l +.006% 3,00 + .0t .0l T O0IL +, D010+ -~ —
AND we hAve The AvsweEr TO  {®fo RLcurAlY, } (i ADD uP The
SeR1es more rAPIDLY UF CONSIDER Twe JERIES 3 Yot
r=j

Ong WAY TO TreaT This SErIes 1S LiIKe The BDDITION 01 A

Lot p4 reemmueLes of T INTEGER iIN wiIDTh ANd COMSIdER
A o CoumTiNuum ot VALUES . ) ) 1
Go TD The JIB Numbes fdd INTEGYATL

™e remmiNiG VALUES 1 have

Loy Ly 5::: ox ’ | -

¢ 5 3 AT I . | Rt
NSTE ThEe LowER  INTEGraNION LIMIT 1S 2 3 q s
The MIddLE POSITION OF TwEe (AST INTETVAL THKed. LET me Comphre

The Accurhcy of Twig APProximATE ON wih The crodesy, Lt owty
T TEY ™S

| +

|
.
0 t

® d
,+11*S 2 : 1so + L = 1650 .
2 . AT 7 vUop TO
Yo ALready
byl o+ Sw dr . L 36 { ~ JeH?
2'1- 3!. 3‘!& ‘;L l -+ /3'.(?/ /
AMd The NeExT Ter Lo mote L2 142857192857
‘5‘)‘ | M!Sl o 51_2( i Iéqsg e >
P+ A + A g ¥ Sm Xt
N
Yy



IT 18 Good TO KaNow THE followiIno SERIES

{ -

— R LT

[ R §
/?/n(*“)()
AN X
e’ = 1 1+ % 4 . 4 1}' DI 3
il 2! n: n
¢o$ X S SR SRRV CNRPRNY IR L
&', 4! /Z—:’:‘ s
SiN Y - X ...)j_._}f + X3 - e (—-l)""“LXL"’"‘
n 3 5! -
Ci+xY et
SoMe Problems
1 Stx) = x - X3¢ X5
3 s
-1 1
{’UJD i /3 1.!/5 — /7 y -
CALL S = Jr vyt iy v e +ias
+1M0 ]_g l!ra % [/7-5 4 ’/8' :—Z_Ocld M+ b e
Sum O S T
A 3! 9"
Sum L S R T
v 2 3 34



PRODLE M sove €7 = cosX o 1%
- 3
e ¥ : I —x 1-_)_<:‘--7_‘__+---
2 &
C°5X:I*X“+_§i+-
7 z4
P R R T LR SR y-xt o, X
[ 2 v
b o 22 - xt ¢ x =0
29 b z
X(}_3+xl--_?§_+.g):o
19 [~ 2
A= ©
x3 + 4t -1x ¥4 =0 : §(x)
xr {x+ 4) -iLx t24 =0
X*(xt4) = (2xd 3
\1'\.1"
y S =)
Xt = 12 (¥ -2 4
X t9

f7¢x) = 3IRTFH AR TS 0

Try = A yt =ttt x-y

* Ty
X L HS 1 RwS
© o} -21
v 4 .5
3 1T
Tr¥ X, =1
fe: 1 -1 = 1347 - 2.4
S
$3 = -4 - 608
P48



LECTURE 3

METHOD § OF DIHfERENTIATING
AN D
INTEGCRATING

THE 1S A  STrAaichThrwArd wAY TO T t+e RENTIATE
COMPLICATED FuNCTIONS, SUPPOSE WE hAvE The -i-uuchoui

t s
fexy = Caxt) ‘ Jon x
C1temx) Xt

And W& wANT -f’(x), HERE'S wWhAT You TDo:

STep
i. WRITE DowMN The FunceTion ANd besrpe 1T buT A braAwkéT
AR A
{ H"X) w X Som ot DeErvATIVE ofF TEMMS
3
Ct reogx )t X &

2. sTArT UiMterevrAMMNG  EACH  fACTOr oNe AT A TiME
by HirsT  wWriTING DOwN ThE  EXPONENT Thew
IN The DeNOMINATOr WrIiTE Thé +uncNonN ThAT IS
beine- DIFfErEuTATED | 1IN The Mumer ATOr puT The

devivaTive of The fumcTion, 1T Goes LiKe Tms
o DETWANVE

(1+x¥) "3 ’g'_‘!_f‘ 1 Ax LI L3 CawX -2 __tJ]
Crecosx)™  xP{ 3 Crexd) L x 2 Circosx) x
EFponNenT T

WhAT 1S bero duiferoTiATED
3. ComMbiNg ThE BrakeT Te&rm AND SimPLITY 1F pPossibLe
The réAson WRY This TechHNIQUue wOrKS Cad be ExPLAINED rigoprousty
buT gurTE SimPLY 1T IS A3S0CIATED wi i The dervanve ot LOGAriIThm.
1t ) have The funcTion

fluyw) = UV WS And 1 wand () The
Qb ) o 4 b <
_d-(‘(v“’)“uvw(f:d%lx+£>°L_V.,£c‘_‘:‘!)
dx U v dF¥ w X
where I use The AT That
ginnN . 1 d¥
d X N dX

1D



| USE ThisS TEChIQue Every Time 1+ nave 1o DitteREnTIATE
Even when 1T 1S A simpLe fudcmion  Like

frCx) = _i‘f“t where  f(x) = X° (,2_ "J-)
14X P+x % {+x
| Do T ThAT WAY Bechuse | (AN NEVEr TEmembER The ruLe for
DifferevTianNG The  PropucT of Two fumNcnod, g
dYv . H_(iﬂ_é:_f)=_tév-u,c_l_v
Tdx vV U v v vV
This neton 0F DHFERENT IFMING 1S MOT DISCUSSED IN VERY
MANMY BOOKS buT | Réconmeénp You LERRN How T0 use 1T

becavse 1T 1S QUITE VALUADLE,

METHODS oOf INTEGTATION

ThEre ARE SEVErar whYs 1N WhicH COMPLILATED INTEGTALS
(AN be EVALUBTEDi They ARE !

ay. BY substinion of vARIAbLES
@) INTEGYATION bY PARTS
{3, BY (OMPLEX UVArAbLES

The Thind MmeThoD 18 The ONe | wWdT To Worlk wiTh DecAvse
T 1S The MOST Powérfut meThod dor haNdLIMG ompucaTeD
INTEG»ALS .

The SUBSTMITUTION whith twilt b€ MAKING, which |
PRESUME You ALl Know 1§
¢O

e 2 LOSEe + L SING
OnE OF ThE BULDING BLOCKS WhicH | NEED 1S ThE FOLLOWING
INfor MATION: 0

o Q—

Now S9Uppose | WANT TO EVALVATE The D etniTE 1INTEGTAL

® X
SO e oS P,( d x

WhAT Do 1 dol

i



ibx - itby
T e
2

The HrsT Paing 19 TO SUDSITTUTE FJor Casby , €
Then

—

w . .
- - ax ® -Ax « by ~tbx
__L = J e codbx dx = S e ( e 4 € J)(
° 2

[+

FEATTrANGING wt GeT

-(G.-c'b)x _ .
-é S [ e . e («nb),g_]dx

ANG TeC ALLING TWAT

l

SomeThin G

- {SomeTh ey
S e | Jx )

wé hAve TWAT

T:-4 [___' s L ——
[2 a=ch a+i b at+bt

ONE NOTE ThAT Tihus TECHNIQUE ALSO workS ON The ndetinTe
IMTEGrAL AS weu_, [y

J

jé e ¥ cosbx dx

we witl ofTen TiMeS BAve To DHHERENTIATE UNJER The
INTEGYAL SieN BefoRe GETING The INTEevARD INTO A form Thal

WE (AN ERSILY INTEGv ATE. ThE GeNerR AL formuia ThAT wé
WANT TO \s& |5

-— Kok}
1= 3 $(x,x) dx

Xiik)

The S1mPLEST  CASE 1S when X, ANd X ARE fixep vALves
AND DC NMOT DEPeMDd ON The VANAbLe . IN This ASE

Tk - X
d___:!: = S-]. 5. 5 L‘f(ﬁ,oﬂ)dﬁ] = 5 h SHKM C‘X
d% dK X4 A1 o ol

Y



IM TWE  omer CAse WheN The LIMITS of INTEGVrATION DEPEND
oN ol weE hRAVE ThAT

Kulok)
I g [ Qx4 4 %) xalath Rx.m)c}_ﬁcaqjc]x

1}

4
dot I% bR e

Xi(ok)

AS M EX AMPLE

=}
e j xe Tdx o= d (® -”dx:—:[_(_—’-)" y
] da__ 5 e da o f - Q,"
LIKE WISk
- S -
L- Sx’*euh”*f'._‘_ge“ch:d"(_L)= z
da dak Q. a3

SINCE WE ATe worKiNG wiTh Methons of MATHEMATICS wE
WANT TO LEATN TO £XPANGO OuR MEw KNOWLEDGE TO NEw PODBLEMS

suoppose ! Ghve You The foLlowING INTEGYA L TO EVALUATE
jw SIN X d;(
° x

WhAT woULD YOU Do? Well TrY PUTTIMG % IN The
SiNg fUNCNION SO ThAT

T ) = gm S AR |y
> x

Now
I'(x) = gm [ X ‘—_?_f_“”]cbc = gw cOS ol x o
o o

A

UnforTumnately wE€ CAN'T EVALVATE The LAST INTEGV AL SINCE The
FONCTIOM  COS XX 1S OSCIVLATORY  wiTh A TEr0 AverAcée VALVE.
LETS TrY A DHferenT Honcnon

w -
- S e.“" sinbx dx

X
d1 - ® -G -
&-Ik; - SO e X Ws by Cl)( = SOQ: [ WGQbe d){ - ...."'5'.."
Then ” aT+e"
Teof E b .o tmT ec
Gltb o

I3,



So $INALLY wE hAvE ThAT

@ -y

g e " swbx gy = dmT B s

) X a,
To tind € Choose bzD  which apLies C=0. WE Are
Mow IN A POSiMonN To  fiup S:’ sinbx dy f we LeT 4o

Then Cw . X
Yo SN dx oz dmie =T
X 3
Thus I‘{' b ¢D SS!be C(.F = -7 i{")b)O S - +X M
= T ! P
i b=o S = 0. GYAPhICALLY The HunCTIONM LOOKS LIKE
+1
L
b
b
X
A

DELTA FUNCTIONS

oD
We Tried 7o EVALUATE THE INTE&GYAL So oS 3x dx  paid
CONCLUDED THAT 1T WAS IndeTermiNANT. This 1S MOT STRHTLY Trve
becAVIE WE AN EVALUATE The INTEGrAL TO be

Q

o
S cospx da = 1 S(p)

Whée 6({;) 15 CALLED A JELTA JUN(TMON. ThE CoNCerT of A
demra fuNChON 1S QuiTe usetul IN PhYSICS And Thérefore woRTh
disCusSiNG HERE.

The daTA Suncnon CONCEPT INVOLVES A Stouence of Funcnons
CeNTEYED AbouT A POINT AND Whose ATefl £ QUuALS UMITY, ThAT 1S
ThE widTh 1S ProPorMNONAL TO X  ANd The HelohT WverseLy
ProfPorTioNAL To X I The LIMIT The déumh FumiNoN 1S ZERO Everfuwhere
ExcewT AT X =0 ;There IT RS AN ATeR eQuAlL TO umw‘

S_: S dx |

\#

14



The GENGAL FormutA  or The DeuiA funcriod 1
[ s )
S $x) $(x-a) dx = 4(a)
-5

b1

AS AN exAmpie  LeT f(x) = X" Then

el 44
5 x'§x-a)dx = ‘l"j Stx-aldx =~ @
-0 -

ad

SOME IMPOCTRNT ProPerTIES OF The DELTA
FUMCTION ATE  The HOLLOWING,

S fix) § ' (x-a)dx = -‘f'(CL)

The devivamve OF The del™m FoncNon LooKS LIKE

SCax) = L $cx) d'¢x)
lal
.
And e —
$(x) = ~d(-x) )
W& CAM ERASILY Pruve Sdcax) - 1 §ix)

Lat
bY MULTIPLYIMG bY An ArbiTvAary FUNCMOW {P(x)

fd Then INTEGYATING

(X} §caxydx = L | @ix)dixjdx= L ¢o)
) 9 49 L9
OTher DELTA FUNTION PROPERTIES ARE

$'¢-x) = ~8'Wx)

x d(x) =0©

X §(x) = -9
8 (8():1) = LS (k)

a‘(Xo}

IN The ProbLéen g:ﬂ ws[&xda = ]Té((;s) And  sTralehT forwsrd
INTEAE 1S To  Compute The Ind ehaiTe

whY T EVALUATE The
SiNpL Ad eT L @ seT

VALUE SOL wWspx dx T %5“‘1‘/5#}(' =
o

Sm(sL =0 Since For AL PhYSICAL SYSTEMS SINPL  witL EVENTURLLY

TP ouT.
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As  Anomer EXAMPLE 1 WAS ONCE GIVEN The foLLOWING
INTEGY AL TO EVALVATE

1
Sah' cos (mtmig) do

To SMAT T™is Problem  SeT X = tAN® Trew do = X

pax

) - Sm @Sme dx = S(m)
° Lrxt

i eren T ATING

3t im) = _Smxnm Wiy dx
5 {+x¥
Aomin ©
S"tm) :-—S Xt cosmx  dx
o T g
14X
Now | hive bullT A PolYMOMIAL INTO THE NUMErATOR bY
D\fferenTIATING, BY ADOING | jnside The S sien 1 have
o]
Q_tfl) cas mx dx = Sim) = S5"(m)
o ¢ 14x}

which becomes The tolLowine oiff erevmac eQUAT low

S'(Mm) - Stm) = -1 O (m)

To Soiwve The DifferenTiAL cQuUAMON Y04 hfAve TO breax The
Rewion of m  mwToe Two PATTS Y m <0 And m>0

for m>o S"im) -Stm} =0
oML S {mY - Sem} =0

™e solunoN 0 The EEQUATIONS Are
for m >0 Stm) = Ae™ + Re ™
W oMo Siml = Cce™ ‘\'Dt?-M

wWe don'T Know wwat A8, ,udD D ARE
WE hve TO USE The §(m)
Reeions. This Shows vYou
CAM GET,

B TO oo forTher
AONCHON 70 RELATE The TwWD

Mow  COMPLICATED  ThESE INTEGrRNONS

f,



FEYNMAN ON TE THeorY of QUARKS - jopgo

BdAY | miy hfve discoverep A HRd AMENTAL FelATION Ship
PeTween  SPin STATISTIcs AMd QUATrK Theo RY., T héRe hAS been

A commmuing €FurT 1o TeY T rerAaTe  boTh  Fermi And Bose

SPIN STAMENCS 1IN QuAnTUM Mechaics. Fermi SMATISTICS SAYS ThaT
SPIN YL PAYTCLEY DON'YT LIKE TO BE IN The SAMe  STRTE  White
RoSe STATISTICS ( Bosows ) LIKe To Be N The Shme STATE | These
Are The INTEGY AL SPIN PAYMCLES LIKE PhoToMS.

Now QUYKS ANd TheoreTfllY  SPan ' Parmcee  THRE€
GUATKS AMAKEe uP The fundAmentat PATNCLES J&'a‘eaecwous
PrOTONS. Su?Pposedlit AS SPin Yr PMrTIcteS The obey ferm
STAmisTicS. ProTonS however SE€CT T0 hAve gouarks which obey
o s STATISTICS .

I Now believe ™AT ALl The APATrENT ANOMALIES 1IN §uirk
Theory AN be EXPiameDn 1+ we consideR QuATKS To Be
PLeces of MATES wiw $PIN The ThAT ObeY Bose STRTISTCS.

‘7
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.

(8} .

LecTuRe 3

PRODBLEMS
EV ALUATE L 2
SN X Clx
o X*
SHow © -y - by a
-e -
S" e da = /O/V-(/b)

S e

fimn ®ogr gy, - 2
> L(} 6 -0
MNT . PUT Q& \NTD  The —S—erTS Then Di4f erenTiaTe
L1 9]
Finp - P¥E_ Y
50 e dx
Tt
Prove it mSx -5
© S—oa e wsbx dx = A% e 9Jav

[A"S
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/7 .
L = j m’«lx?' dx = 5 @_;if_l dx
X A
7 (e ""»,.\ ) ) j
AJ;: = S ?.‘)_(_Lu;; S A ' S cos wxd x = J?:Fr//z.
X?,

d' 1) . 4 e eyt
Ly e g o g T
T ) hxr= = = | T (x

JIG) 4 Tk) = 0
4 7

T ()= o

- rr

I-= = - ol 2
by

© o4
- S e " ~-€ d - ® -2 ® _by
0 3 - y ee_,__h_ - J e (J
E}q ¢ a% s 3 d
Tug) = R ﬁ_jdl) I‘[a-)‘-”- - S zé‘qada_ .

!
T @ 5‘{& Z
t(b] - So e“ y It(b) _— S e«-b‘:‘J . N
(""‘hu—.. - —
3 ge -4

I:CL) T - PIV\C&} a
Tt} = -l d)

I = * fanth) = ,’%(Q/b)

+ 2 ek S ,"ﬁ o . e






LeeTuRe 4

FMORE ON HMETHoDS oF INTEGRATION

i whar 10 POWT 0OUT ThAT LeAraNg ThE Tricks of CALcuLuS 45

QUNTE 1MOOFTANT  becatge wiT™ A few T1ritKS YOu Cchd S0LVE ALMOST ANY

ILVABLE Problév. BuT You will MEED The HEwP of 4 NumMber of

KEY INMTEECAL from which AL The oThers ATE derivAbiLE. For

CAMAPLES v PiErces TABLe of INTEGTYRALS oMLY AR couPLE of ThE

SoLVeED , ThE Two whicH
INGENUVITY  fife The fOoLLOWING'

o0 et
S excl)( = g
~00

DESIITE  INTEETALS (ANNOT be  QuicklY
 waAve foond ThAT REQUITE SPECIAL

pre gm._“-»dxz "

o DiNhX m

in MosT of The dehwmire

ITEerats 1IN TPIerce They cAd be
SaLveED DY USING SEUErAL

TecHlgues Souck AS NTEorATIoN by PArTS,
sobsmonon & vmriAbles ANd d FHerenTIATING UNdEr The INTEGYfIL
Sien- [N The €xamPLEs frbooT

The INTEGraL by Series
INTEGTAL ouT.

T 1S ofTerd Possiblg TO solve
EXPANSION. LETS worK The Se€comd

x -%
wWe have  ThAT 5“ X dx , SvbsTITuTE 4dor  SINhx €
°  Sinhx 2
ANG rervrANGE Sc

-%
2€  x dx
1~ e ¥

o

SINCE we CAN HANDLE The INT eorarod  of €% The more we hAave

™é befrer off we will be, Thus exPand The dendMINATOP  AS

- . - - -
ZS exxdx( Le ety ey ey —

]

. -3x 5%
lgobxexdx + nge dx  « 'Z..S?Ca dx 4 -

Now wEe swoold rEMEMDER  ThAT

® L x w - 4
dx = L
SD R fnd S xe dx

i

o
A f

19



INTEGTALS WE Thent hAve ThAT

USING THESE
" xd
Xax _
—r— - 1(1"""1* -L_L-t...l.l.g.—--)
Sinhx 3 S 9

]
Now | happen T KNOw ThAT The Series O be Summép fAnd has
aovmve of W0 14 You don'T KNow TeAT vOu Are sorT of

STueK . BuT 1+ Pou ONLY winTed The AMISwer TO A CouPLe of
decimAlL PLACES Y00 would JUST ADD Somé Térmy AY |

EXPLIMED betoRe. Thids we hive ThaT

2 =
°©  Sidhx 4

| SULGEST YOU TrY To wWorKk ouT The definiTe INTEGYALS GIVEn N
Pierie ( PACE 62) becavse vou RAVE ALL The MECESSArY TodLS.

INTEGTALS USING DIffERENTIAL EQUATIONS

SOLviNG
LAST TIME 1 wWAS Tryme 10 WorkK O0UT Thg INTEGFAL
w
Stm} = S coSmx  Jdx
° Titxt

| hAD GoWenm As FAr RS wrTING The INTEG AL AS A DiterenTiad

EQUANTON

z S coSmx dm = ﬁé(.m}

Stm) ~$"(m) =

Te soLve s &QuiMon 1T CAN -{-11.,1{) A dormuch IN A booK whiCH

SAYS TAT The SOLUNON TO The EQUIANON

diﬂ o 4(x)
dx*
1S Gwen by ©
g eﬁxsx e* f(t) dt —-e”j et-ftt) 3t +Ae’
-} K

where we haveE ThAT

g:S

-

X=m md F = -f&em)

A0

r X
+BE



WE MAY SPECULATE TMAT  Stmy CconNTRINS A detTA tuwm o
buT we ooN Tellize ThAT 1 F 1T DID 1TSS Second DENVATIVE
wovld be A horrvibitE SJUMCTIOM CONTHRMNING The SECOND DEFVATIVE
of & deLTA TUNNON. Thus we Are LED ™ BELIeve ThAT 3" (m)
COMTING A detTh foncnon. 1§ This were The CASe The FirsT
SETIVATIVE WouLd he comTRIN A JUMP OR STEP cCHANEGE. Thus
WE HAVE INTEGraLE OVER A JUMP, ThH HMEANS ThaT Sim) hAS
A KINK IM T, The ™Wo StoPes DiffeR by A facor of =,

IT 15 Now KNows ThAT N The wNeEishborhood ot m=o T™he
gquation  Yor  Stmi bewomes

S“ (m] = - ﬁétm)
And - e
ANd  hpawY Sem) = ~HEm Ilm) + Cm + D

£ we NoTE TWAT AS m —> o SEMY —» 0 we conclude A=0
Pld LIKEWISe AS W — -0 Sim) =20 §0 D =zg. Do T The
STHMMETTICAL  characTer of Stm) we have ™AT T =-C. Thus
Wwe CAN WRITE Hor v >0 , Be " aAnd for mco ’ae”‘. SinNCE

Stm) = Be™ ,myo Avd ne™ we AN EVALUATE B SINC
Sl - - %e‘h‘ M?O
+ ‘33?‘“ w L0
s" - Bge™ M >0
-tae*m m LD
or stz -2R 50-.)
buT ST - T 8 imy
50 i{= fl
r.
Aud we hAve
Sm WSMX - g(m) = .H_e-:uq
° b+ X* ¢ JED

Al



Thernt Odr BIERMEDIATE ANSWER 1S

- ™M ¥ +V bt ~ - ™ 3+
4= e e [-nsmldy - e s e [-t&wildy the 1Be
- -
The $1rsT INTEGTAL WiLL GIVE The vALVE -1 i The 1NMTEoTATION

from - bty IO W conTmNG The delTh Pumchnosd Vi, 1 T DOGN'T
ThEN The SECOND \NTEOr AL wWILL  &ive The VAWE -1, WE AN wrTe
Then

Sim) = -ﬁehhicm) +rre.“(l~lcm) + A"+ Be”

HEFE The TntMON  J(m} 1S Dedinen as The STEP Funcnon
1

4wy J
limy= 0 meo
Jim)y=1 m >0
™
Thus .
for m o Stmi = ~re" 1 Ae " 4+ Be™
fou
d 'F‘Or m LQ - “ o ™~
SCm} = agqe + Ae +r Be

To o ForTher 1T 1 NESSATY TO F1uDAAND B. By Symmerry of cosne

fuMcnoN Sor M boTh £ weé have ThAT A AN B mMosT be &QuRL.
Then 1 we LeT ™M ——e  The  COSINE N RAPIDLY OSCILLATORY wHICH
DAMPS OUT EVENTALLY so A Ad B mosT 6o TO ZERD,

Now 1 The RANGe of m #0 1n¢
The DEFErENTIN EQUATIONS !

where Som) =0 WE  pAve

Scm) = S"(m) —> S im) Ac™ +Be " for muo

Arid N
Stm) = 57 (mj == S(m)

¥

THiS 15 commonLyY COLLED A BoomdArY vALue Probiém. NormaLLY
These five TAUERT To The STULENT TO be QUITE DIFhwWLT but Tne
GELTA funcNon  RESoLVES ALL of The weiRd CONJITIONS deveLored
by ™e TERCHER BOTh The deurt funcnon And STEP HUNCRON Serve
To TELL US WHAT HAPPENS beTwEen The TWO REIONS,

AZ

" -
Ce” 1 De for m<o
We  hive The Prodlem of TiTING Thesé TWo SOLUTIONS ToeeTheR AT m=o,

L.



AMOTHER  \WIEGTAL WOrTh workKiMe ouT 1§
) - ~%
e "t e d
) % ‘d-

We cAd €T The RNSwer A WMumber of waYS boT NoTE If
WE wofK WITh ™e FrST  INTEWTAL S e ¥

Ja e CAM

F]
differenmaTe WRT a And  GeT
C‘-I____I = - S oo e,— q-a Cl = - _].
A6 o a Q.
o I = —_ ,er\ O T CONSTAWT

To TVALUATE The CONITANT WE nNeeD TO EVALURTE ™e INTErAL
AT oNE s&F of O pAnd b vaLves. NoTe 14 a=b we have JusT

- +] - +] — =
Sood§ = sy = 0 Therbore I =0 Ad  C = «dnb . Thus

I = A Ol

observe AT we cAN'T TRKE The rower LimT of The

INTEGY AL Sm e—ﬁla dg SIMCE The vALUE bLows UP LOGATVTIMICALLY
0 —

IN The LIMIT, arhu.s TO GeT A NINITE LirMiT LET O be replAced
by € Mud TRKE The LIMIT, Therchore

W -
S % dy - A maeta. - Sh1 -,?Mce/m)
¢ d
The MNuMbery eNTENMG IN HEre ATE A Lriols ThiNg which vou
MAY TrY{ To Qerwe,

| WANT To POINT OUT ANd CAUTIOM YOU NOT T be StLorPY
WiTh The CONSTANTS of INTEGrATION, IN The (ASE where
} SpLIT of The INTeEGYAL \MTO

O -4y as -~by
Sa e dg - 50 % dg,
e INTEGYATION Glves
o 10 +hub ~©

fud You CcAN CASURLLY SOBLTYACT OUT Thg Two INGINITIES To 61VE O,
This 1S bAad And VErY (LLEGTIMATE.
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To Show YU WHAT AN hAPPEM SuPPOSE 1 SubsTToTe o ¥ | Fa
Trnew | have

2

]
3/ a
WHENEYEr You  TYrANSIRrM Lim TS whicth 0O TO & you cAM GET
N TYOUBLE, TAE DesT DeT 13 To POT € And KeeP The LinyTs
FNITE ' Therd Fou CAN COMOQIME ThE AISWER So i T DOES NOT DEPEND
oM¥ €, IMThe fAbove CASE where wWE  S€T 3= a,a LeT

- ) -
e Jé _ e Jé - eb -3 &h
g o (",

&cﬂ e ¥dy, S:* e”%ié
3

€a
= In %i) = /Qm(b/a,)
AS A ruite when | Go Throuth #f Problem The frsT TIME

b ofird VSUALLY QuiTe SuopeYy _NOT PAY MG ATTENTION TO SIoNS,
Pi's | fwaors of 2 etC. The reason 1S THAT more offer Thaw
MOT MY AvST  APProACh LeAadS To A desd end 50 | haveTD

RETrenT T0 ANoTher TRIT, |[§ | Se€ | finfly hAVE A WAY D
ThE ANSWER | Then G0 BACK VEry CATETULLY PUTTING- 18 ALL The

Go rregT SACTOrS, And & TriNd —GriNd - GriMd,

| meAnoned ThAT  when AM  INTEGTRL tS SOLVABLE There
Are R (oo diMeremT wWAYS 0 work 1 oul. TP Show You
WhAT | MeAn  consider AN The 1N TEGVATE S“’ COSmx df .
TS TIME witl KitLk The Prohiem wiTh A © 1yt
SLEDGE hitmmer. SUPPOSE we Knew ThAT
&
G N
The | (AN SUBSNITUTE AN INTEGTAL INTO The INTEGYAL for
A Piece which 3 wivd TO handLE. Rorefully The reSulTing
INTEGYRL 'S ESiev TO SoLve. Thus

Sm e'tcosxt dt = _L
° (+xv

(= e cospx dx -
0

24



WE ThEM HAVE Twal

gw coSmE 4o = j dxg 4t e—xco_sx'l‘ cos mx dt

P +x* o

[+]
Mow don'T be AN 1DIOT AN INTEGYATE WRT t firsT  becpuse
You WiLL be 7MienT bACK wWhere Yyou STAYTED drom, SubsTiTuTé
Sor
cosxt cosmy = 4 T costmit)x + COS (m-t)x |

]
Aud  recAall SO cos Xxdx = q&(x)

Thén W 4
SO e % l:gSCMft) 4 S(M-t)] dt

You hAVE TO e cAetuol  here 1+ wé TRKE M to De GreATEr ThAaN O
T™hed we TAKE Scm-t) ANd  &eT

co oS Mx X -~ WA
< d = h g
S" L+x* r z ™o

We AN TrY ANOTher  metmod USING SEries X PAMSION, | &

S COSrmx dx = JCOSM; (j—-;t?'-mq".’(b-})(s-f-*') cl/\

x>
: W Em) 4TS (m) 4 g (m) pee-
Mow Tus s 4 MESS RNl Ve STOP And Try AN ogTmer METhod.
Howerér You Could Press ON USING- The dviterennal OPErATOr
NoOTHTION
S OSwx dx s w4t o 4dr--] = L wdim)

LEx>- I_DL
Now vyou have 710 Solvg
(- D*) Stmi = 1t & ()

Smy =S¥ imj) = N dtm)
And YOU'TE RIGWT bACK wWhére You  3TATTed 4rom,

-2 o
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PRODLEM - LECTURE 4

Show

R ®
St xt dx = 2 .y
}o X S cosx dx —i{ﬁi‘.

S o 9x - T
pf

i

ga Jonavx) dx = T_?Tt,?,h‘h.

SOI Raciry) dx ) Iéjml.

P +x®

Sﬁ!“— XSIM)(

“1..
i 1 - n
P+ Cog X 2[
The
fo M b= [T s o]
gw e™ dx = X
o 1 re’ SINGT

o
Sa Swhox dx » L4p Y
Sindh X 2

A



LECTURE 5

SOLVING DefiNITE IMTE G raLs

Pd LIKE TO Go Over SomME of The ProbLems | ASSIENED
LAST TiMe o Pow CAnM GeT A Teet How L Go ADDUT sOLVIM(E
These dehiniTe INTEGPALS

SuPPoSE | WANT The INTEGTrAL

T- g“’ d X

Y Xq'*'Ct.q
To SOLVE Thiz | miehT Try FACTONING SINCE | KNOw ThAT

(& e
] X1+{51 zp

I hive ThAT

1= S _____d)f = A B -4 cl)c
(XP+iat) (X - Cat) reat Xt x*cat
T:W'—'_._!]=ﬂ Fe -]
T e¢at L oal} afi zia’ {7 4~
Now | hive ™ hAve The SQURre cooT of Puus And mMiINuS ..
To 6T ¢ Aud 40 | TeAke A COMPLEX cCircie AnNd €T The

TPOTENM USE AS - f ' "
2 B et l’:. F = (140}
{:-f: : 2 - _1 2 I“L‘
L7 ey T ( )
Tern | have
I= n . fur
2R o’ 4a3

Note ThAT The 's  oapcettep ooT $9 | hAve The THeAT
roots of A7 Aud ¢ . If | hawd TAxen The neoARVE
YooTs | would hAVE Godten e wronG o Avswer - 1T woid
WAVE DHEen \MAGINETY,

Y



SUPPOSE | WANTED TheE ufitue of The foLlowiNG

INTEGYAL

L

Fim} = S cosmx dx
a 4
I +X

Note 1§ DifferenTATE Fim) Sour TIMES WRT M And ADP
Fim}y 16 ceT

[~
F'im) + Fim) = So cosmx dx = 1 8&m)

The fonchoN FL{Mm) 1S SYRMETFICAL  SiNCE The 49D denvATive
ot F  eguals The NesATive of 1msetd. A bnmaun which
htS The chArkcrer 318

o~
Fim) = ¢

4,
Teen The diHeronnian EQUATION G IUES AS Thée rooTd 0(.“-‘-),
Tms €QUATION  HAS dour TIOTS  Ansine from The quadrane &*21¢;

s & ) = L -¢ 2 - - g N
A\ E(H—c) A E.C‘ c) A3 ﬁ,("' i) dq’ﬁ(‘*‘)
THE HSor M of The SoLuTiON IS Thew

' %3

+ D edqh
WE NMow observed ThAT AS m —> 0 Fim) should AppProfcH O;
ThereTPRE A AND B =0 TherwiSe The Funcnon €4PLODES, Now we

hAvE  ThAT B -+ UM
F[W\] - C e i M 4D € T PR

whichh (AN be rewnifiEsd A3
-.mff‘
Fim)} = € ‘[ (:l cos MW o+ DS h/ﬁ,]

where C' Ad D' hAve B he real where ¢ AIDD covid be
OMPLEX, WE Now hAvVE To Tind 2 redl CopsTRVIS. When m <o
we hAve ThAT Fimy - '™/ (clcosmp - Disin "R}, The
DELTR FURCTION MUST PCLATED These TWO vAlues of F (m,
We KNOW ThAT The 4P DeriuaTive CONTMNS A DELTR FuM(Tion
TAVS e DERURTIVES Gived VS Foor €QUATION To fiud 2

Moo i et )
UM KN s Erom) ,Fom: Bl {Mm) s £ eomy

£960) ~FY-0) T, The JumP GUEs US The § -TuaicNoN
N The 4Th Derw fnve,

A8



LET!S TrY To FIND ThE MTEersL

T-= Sﬁh‘ An (sinx) dx

4]

FIesT TvY INTEGYATIMG DY PAYTS

S{x sk dx = { xeoT xdx
3 SINX

News V'#M STucK | How Do | INTEGTYATE xc_o'}‘xt- I dom'T Know, Weil
i TrY AGAIMN. | Covtd EXPANE bY sered And i0TEGrATE TEMM
bY TETM. ThAT'Y A hetlliuvA WAY TO ruN A TAWNWIrDAD. Suppost
1 HMAKE ThE tollOwinNG observaATion ThfAT

¥
S h n s ivx) dx = S:’l l..cwsx) d;c = A

o

Th enl o,
28 = &oh [ ncsimx) tAmcwosx) [ dx
Combino- Wy . w
. go oA (awx cesx) dx o= Sof" [ﬂ«(%au;u)_]d;
And 5 ”
T 3
2A =L/Em7,, dx +Sa }M(ow\u)dﬁ
- LY .
D o0k [, A (awnr)dr
1f ) vow sobSTITVTE Y2 2x | GeT
b1
ZA ‘:"_".-Ixfhl 4 g XM(/Jm‘-\a)c‘f
T o Zz
Mow The INMTEGTRL VS JUST Twie Twe owe t STACTED
wWiTh S0
2A: ~Xul o+ 2 @A) —> A= -0 luz
T = =

o ‘!{h_ .
SO Jan (v k) i =Sb"/€ucf-osx)d,t = —Fi,ﬁkz.

A9



Now LeT'S TrY TO MNTEGYATE

\
T - ﬂm(l'l')() cl)(
L S° C 1tx*)

LETS sebsTITUTE X = TAMY SINCE b ®pow AT
dx = 4% 5  dx . dy
cos®y §4x?
Then Lf
T- VL ity dy
[

T, b
Sofq fon (cosy +SiM) Y - go Lo CeosY) dp

Now I'm worried AbovT The INTeerfiMoN LT Tfp  So -

L EMbET

real The TricodemMeTric 1 deRTITY

CosY TSiMY = R cos( Y- )
Li, TWO SiNE w frves AN he (ombiNed juTo ON& SINE whve,

—

Te G he dv 2 (8 L osg-n] dy - (M fucost dy

f 2 Ty -Y Then The LAST TwO INTE@FALS SUBTrACT ouT,
Ad we have

IT-—;—[’XMH :Tf/LhZ.

']
L&T ME IMTEGrATE S A SNy d)( :1—
v Cireosix)

X
I- gc"‘ [ SThdy dx + SW XSinvy  dy
| +o8' X "f\, { -r-(_o‘s‘/t

! 3
fot(m-vsmy dy
P ooty

Theo

T
= S Ssmydr o TR
° { +costy 4

30



o ax
Now we'Lt  TrY S e
o]

d X

| +e*
EAPANG bY 3€ricy
—— - Htx ~3A "4!
L= Sm e%Cc)-e 4 -—e +"‘)<=l)‘
o
I B P24 = Sca)
T oi~a 2-a 3-4  4-a
Tms LAST SETIES hag To De summed Apnd 1T 1S NOT EASY

TFTo De. the ANvswer 1S

- 1§
(o) = B
S ) SINHTQ

]

‘1L hAvE T0 come bACK AnNd Show You how TO Sum This
SEYVIES .

TwiS Prohiem 1S = of The 3AME CLASS AS
Sm S I AX A}‘

o Sinh X
~%
MOTE | § 1 sUbSMTUTE Sinhx = e’ -e
z
-X
1= S Z.anwc( e )éx
| —e

3x

- -5
= LS:’ oMm;Ce_"?c-}e te 7ty )

Avd Mo w | Use Twe MACT TwaT

og ~Px
SO SiNpxe c:l/{ 2 3

P
| G€T TheN
| ro+ 4 +-~:I
{(ay = Ck[ — T
Stad = 2 ot 9ret zseal
o =]
= e 4
Z_i nt+alt
odd n

3}



LECTURE 5

PROBLEM S

X {A*ral) 2a
° dx - T
& (x*rat) 4at
3
o _.é.@ - e
(& +bcosey?t th-b-)’/z
v R
A wmie
_ de = 27 -
L &t beose —bz(q e7)
™
g _dx - 37
> =
G +x)? jo

1]

" (La+h}

)

g d x

o 2 3 t wui —— e
CxirbYCa t+at) 2a3bcarh?)

@
coSmx  dx = 0 . e-m
go C it F (1 +m) m >
B
g Sin nx dx Y
= el |
S (Simkx Jlitxd n-(‘—“' )h-l
(et'-i)e,
|
L /ﬂm ( ct - 2ac cose tat) éx = Z.ﬁ/ehQ F aye
Zn JZM & £ oacce
> —_ =3
(i-2a sk +alt) { ~a v
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comPleX NvmbDERS

COHPLE‘K NUMDBEFS Are CemTEeEreDd Around oNe tondAmenrht
EQUATION N
X 2=
In order TO SOLVE TS eQuATON T WAS NMEwWwSS ARY
TO INVENT The StTMuol 2 which 1S dedined AS haune
The DOPECTY ThAT 272 -|. WITh Dus JefiniTMon ¥ Thew
AAAZINGLY €Nk D SATISHY ALL The bAsIc ALGEDEALC

RELATEN SIDS | For EXAMPLE mMULDPLILATIOM woultd &IVE

(i1l e b s gty = -9
oY ' N -
:¢1+u¢4;2_--!—2-t=*4
Thus when | hve A ComMmPLEX  MNumbher MADe VPR of Aw
MACINETY AnNd REAL PART SUlh AS Ot bt where
tNd b oAre YL 1 CAM MULTIPLY AS folLo w,
(S+ 3)(r1+42d) = 3S5+3rv -6 = 29+ 31

NULTIOW N G AND ADDING COMPLEX NUMDErS Gi0ES A MNEW
OMPLEY PV MBEY .

DIVIDIMG TWO CoOmMPLEX MUMDERS INVILVEYS TAKING
The COMPLEX CONJUGATE O ThE denoMinATor AMd MULTOLY NG
P ANd bhoThom, E.&

Ttze . 7+ (85-30 . zixs-s) = 4114
5+3¢t s (§-30) 39 39

The LamPiLEx WRNILGATR 1S obimned by ChinNo NG ALL
™ SienNS oM L.

SUPPOSE W& WANTED KX =@ Sotved. To DO TS

LeT X = Gtbe men | hAve  (orbe) =c¢  AMd

Ot pzabs bl =L which GVES Two €QUATIONS a'-b:o

AMd Zab = | one WOT (s azh Then &= 7 =b. Thus

X = f_.'—Lli-i).SlNc.e @=-b 1S ALSo A YooT X 5 T or-.
T

The AMATING THING R oouT coMPLER NyMbers TWAT ONCE

we dehEd 7 we NEver have T MAKE AVOTher SMLAY JetiNGIoN.
WéE MAVE 0PeNeEd ThE dool To A widle Mew wordd
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LECTURE &
COMPLEX NUMBERS

LASY TIME weé STArTEd T® TALK frbouT COMPLEX

CONVENILENT Whenrt WOrKIMG wWITh comPLEX
Mumbers C C.N.) To DRAw A DIAGrAM, The PLANE Then
PEPresemTs The reAal AV IMAGINATY PATT of The C.N. In The
Dificr THAT foLlowS WE hAve rePresenTed The GexErAl

€. M. a + be, IMAGE FTY
Axas

MY ers, T 45

l ReAL AmS

CAN be TeRPrestnTCDd AS A POIMT IN ThE cOMPLEX

CoordinAATES & And b . IT 1S
C.N. IM POLAR

Any O N Thew
PLANE ANd LocaTeD by The
oftenw TIMe Conv FENIENT  ToO

Coond WATE NoTAMoOM. I F we
Q= ALOsS Arld b= nsING

MfEPRESeENT The
LET

©: tan" Yo  ANd R = Jattpt  weE hAvVE LOATED

where
& +From The reAl AxIS And

The SAMme POINT Ry AN ANGeLE
A LtereTh n, from The origin.

Whed TWO CMN.S Are ADDED wWE (AN Descrlibe The

GeomeTrcal sSieNHIcANce of ThiS oPeramnoN Throuveh The

DerAM  TEChMIQUE,
Im

|
|
|
|
}

Re

@, Qo Q.T'&z_

]
This TDIAGYrA™M Shows ThAT The Two C.N's  Add JusT

LiKke VELTOrS Adlcording To The WELL K nNows PARALLELOGHAM RULE,
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MULTIPLICATION of coMPLEX NUMPDERS

When Two CN)S ATe MULTIPLED TOGEThER ThE
RESULT NG PropucT 15 hMore DifFficolT TO SEE EVEN Difsram-

MATICALLY, Suppese | hAve Two ¢, NS Xz a+ed  And

Bz Crid. If 1 MULTIPLYY Them TOGETheR TWOo Thines hAppen -
The ProducT 1S SIRETCHED AN ROTATED. Usine The diperam
wE hfwe' T a8

LET'S work, The TProducT OuT USING POLAr <oordinATES.

% = 1k} ((COS@utiSING) And b c Il (059, risiNEg)

Twe Product 1%

X3 lapl [ OSB3 o5 Ou ~SINOSINGs 1 ¢ (51N, 0GB *+ SINOa cose,,)]

US NG The Trie, 1deNTITY wé hAVE
Aoz 1dpl [ s CoxtOp) 4 0 SIN Ok 16p) ]

Theretore The NEw LENGTW 15 1op]  ANd The ANGLE 15 Thé
Supm of The TWO OrigipAL ANGLES. You Shoultd woTice 1

! hAve A C.m. ANd  MULTIPLY 1T by 2 The Nomber or
Y ECTOC 1S TOTATED 90 deorees, MOLTIPLY ING A C.N. by -~
SMPLY chanGees 1TSS yALve by 180°,

Now weE find ¢ USING The GECMETFrICAL ProPerTiesS
of C.M's JusT describépD. leT A7 =x Then x*:=2.The cn.

X IS ™Men A Number which has umaT LENMOTH Ty _
Thos  Jatibt 1 Aud azb so QYA ANG nf--- le"/"“}r“
X+ L 4 0 . . o coorse we hAve The NECANVE o

5% 5 4 i Ke
roeT wrHich L1€S 1IN The OTher GUADPANT, The ctue us
ThAT The resolT 1s a1t ¢ 55 The 8T T™aT we

Need AV AMGLE which whed Douvbhied &ives 90°
This s of course 4S°

3§



Now ThaT wWe Are GeTTiNG SMART AT wWOTrKIMNG

Wi C.M's LET TrY TFo0 Soitve

) M4

-t - .
1f W& Cube BoTh StdeS Them wWE hAVE Xs'-”‘z:, Now
we Need A NoMbDer when rOITATED T™hrovoehk 3 €@ Uit ANGLES
GETS US 10 - which s AT 6 =272 Thus 8y3= 90°
AN hich MEANS ONE reoT 1s ¢ iTSerd. pNow L
There fire TWo oTner r0oTS  which WE hAVE A
To Fad, How AbovT AddinG 360° to 270°; , {/\"*‘iu ,
SutelY | end VP Where | STATTED bJT K ’l?i; i
Mow whew (didide by 3 AN | GeT hTuot

Thos ANOTREYr RODT
To finmd

S AT A O Ameie of 2j0°.

(TS®L COMPONENTS Drffw A Diffsramm

!

The LeweTh MULUST OVMITY 30 The 1mAcIimATY
PAHT s -8 30 (1) = =¥z, This MAKES The
ReAL PATT i~y -4/ . Thus wé& hAve ¥
ANOTher YooT 7{/ -

* 2. :

xa.z - E - £ ST
z rd

To Chetk ThisS ANSweEr Cube 17T ANd See f

You GeT
reoT To $ind so
We et 990 °

- — Pou will,
LeTS
Aow DividinNe by

i WeE STILL hAVeE ANOThER

ADD ANoTher 369" o
3 AGAIM wE

630",

GeT 330°. Thus The OTher rooT Me&=AF woutd
be .
xs= - E/l t Ll
Thus weé hAve found The I cube rooTs of -t 4N I e
R t'f1
S0

IN GeENETAL Every

rooTs. Consider, 8 7 hAs 2 AS ONE cUbe rooT,
Tofind The oTher 2, NoTice The LeneTh of The

C.N, musT be T AMd M when 1TSS ANGLE MUTLIPLIED
bBY 3 we oeT back IO 0°, Thus 360°/3 =

PosiTion  Of
ARe -1 Awd /R |
AvoTne 360 dwide by
rooT 1S -\ - ¢/f3.
&eT 2 AG M

1§ we  Add 360°
SO That'ts

nMUMber HAS 3 (ube

3 AVd &€eT 240° The o7hér

AGmnd
ALL TR E rooTs.

we
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OMe OTher YOOT. ThE ComPoNewTS
To +ind The 38 vooT we Add
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As A GeenerfiL rooT T 1S PossibiLe To TAKe ANY
INTEGrAL FooT o A COMPLEX or re&AL MuUmMber, The
YooTS wWill Lie ON TrAdic LocATED by dividide 360°
IMTe M SguAl PATTS | Like A Prece of Ple. E. & To
£ind o le The rooTS Are LOCATED EverY 3&:0/5 or 6o°
Around The unNITY CIrcLé. Ther form The sPores of A
HEYXAGO M-

¥ oNe The OTREr  rrANd Yoo whNT The ™ root
o A Number You Are ouT of LVCLK bechuse There
Are AN INIEMITE NUMber of Them.

POWERS of OMPLEX NuMbeérS

iv order To WOrK 00T A ProblLem GLIKE 27 we
willhk NEéeD TO KNOow The ProduceT 0f Cos0 ¢ {sinve HANd

COSE + Lawg . ¥ we Ler Re = LO3@ 1 U05INE  PAnd RQ =
CHg riamg, Then wooldw'T 1T pe mice W The ProdulT
were JusT RO.RY - RrEt?

To sec ¥ we cdu Prove Svch A Theorem LeTs defane
R to be ¢osi + (st which 13 A PerfecTit Good ComMPLEX
Nomber we. R=.840 +<(Ba) . Now R® woutd cQuAt Costiiom.
And W GeneraL 1T holds ThAT for At réAL n R" - eosntiSiNm,
Now f The Theorem hoids Avd RER® = R®T® e
MumBér R MUST be some sorT of Fund AmMental rooT rom
which ALL Mumber S cAn be TXEn. INdeed Tus Turps ool Te be
The cASE.

WhAT | WANT TO TProve 1s ™TwAT R° = (e“)e = e‘s.
To 40 ThAT CONSIdér (RB"’")N = RO = C Cos Q/N + ¢ SIN G/N)N
Ad LET N be very LATee e.6  10° 0% 10™, 1f we
WwriTe T™Me Sime CoSing Series juside The PlvenTheses Thenw The
LeAd o~ TETMS e 1 +68y ~ SF L v ... The /N Ternms
Wil dvop ouT AS N 0eTS Liree. WE have Thenw TO TAKe
The timiT & N e ot (14 c'G/N)”, This  hnas BEEeN ESTABUSheD

To be , x\N X
fm I"*—») - e
Nﬂ;m( N -

Thvs f X =¢® . e _ L9
f  (+ ¢9y) =€ =R
N =300
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— - &

To ANSWEr The Quesnon ANOThER way f RP =(F*)
whaT 1s F 2 we know ™MmAT R® R'® = | by The ruce
for TAWEMG COMPLEX CONJUVOATES, Then 1T MIUST bée Trve ThAr

(FL'O) ( (F*)“‘:e) = |

oR (F)"‘g._.,l
FY

Thus For This TO ©OoLD F=fF% &0 F MUST b¢ REAL.
v TUPNS ouT T™aAT & 7 2.71 . .

The FACT ThAT _
C8sS @ + L SIND = e‘g
IS ONE Of The MOST REMATKARE eQuANONS IN ALl of
MATRE MANCS ~ 1T 1S NOT The MosT remATKAbLE €QUATION . IT
IS ™)s €QuAamoNy ThaT TUCNS A bot iwwro A MANM , A STudenT
INTO A MATREMATCAN, 1T 1S P A vert deLtchTHl Thwe,
BUT Te M™MOST femarkfhie OrmolA N ALl oF MATheMANCS <
bY A SomMeWhAT Sublecve EVALVATION ) I3
e v =0 Feynman loved this equation

TMIS EQUATION CONTRING ALL The esSenTiAl ACTIONS OfF
MATREMATICS PLOS  ALL The KEY S¥mbols, 0 e, i, i ANd
The equaltiTY SieV. The OPEANOM S IMVOLVEd ARE ARdd 1NN
MULTWUCATION  AND TAKIING EXPORNENENTIALS 1T NvoLves
NOT ONLY MEAL NVMbEerS buT 1HMAGINATY NVMbeRr, IN ENGLISH

Tis  SAYS ™AT e ™ 2 « |  Thas 1S A curious pcT
becavuse T <AN be INTETPErTéd As SAYING
it ¢
(e)—:-—] or (23) =z-|
SmArlY  e¥ = &) oR  ThaT  ( 546) = t1 . Thus The

(? remPower of reATIONAL NUMberS  oav Produce feal

NUMbeRS — A MOST Corous Jfﬂ_cr of (omMpLEx NumbeRrs !
I Shoutd POINT OUT TWAT _V_‘ xS 9 /)

Why would the ith root of 1 produce 5462¢? Maybe this is the right answer
instead of "42" as suggested in the Hitchhiker's Guide to the Galaxy!
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The GENerfiL F¥ormuLft FOR TAKING Thée ComPLex
Power OF A comMPLEX NUMDbER IS

z ‘ :
Z, : where 2.2 atb. awd T Cc4dt
' ‘o) Crde ©ede -
i Z.,= ne'® Thew (n.e‘g) oo ptrde o dé
which SimpLieS TO cce 4 -4
nte ne

Now This formulA 1S ALMOST UNderSTANdADLE exCepT WHNAT
decs Tt Mefin 'R is JusT A LeneTh Therefore | have
nd = (nd) = (Ml nvmber) raven To P Power. (£

ter RS = €' where t = dfun Then (e8¢ eT = o5t 1ioint.

As An EXAMPLE FiIND (7% | Bcordine T The formoera

G s et L e T it senn)]
; e-z‘[oﬁ'uf;;fzmr)] = eM+ann

LoeAriThms ©OF COMPLEX NUMber

We PEXT WwWANT TU OMSIdeR TRAKING The LogATiThm
of A comilex Number , b g, /eh(cdbt'). To +ind ouT wha?
This 18 LleTs defime

nlatbd) : x+e Y
Thed s 15 cQuivALENT To

X+dY v .
atib - ¢ = e‘e“ ex(cqs?noad)

Now we hAve Two EQUATIONS TO SOLVE

a = exCOS‘l)
b = e*sinY

From which we obTin  Hfatrbt = e | Xz b ( fa*rbt)

Atd Y = B/a . Thus we hAVE

th (C\‘i'bi] E /E/V\ a-+bt  + ¢t b/G\.
or . PoLAYT NOTHATION
In (Ae®) = Run +cB
SIMCE © AN be ANY UALUe (each DIfferinG by ) A ComPlex

MM bBER  hAS fimTely mMANY loeAriThms dfHterive from erch
omeR. by MurTiPles ot are.
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ON EXTrA TreaT of TAKING The LOoG of comPlex
NOMBErS IS ThAT we AN NOw TAKE The LOo of A
NEGATIvVE ANumMber, &.g

An (-1) = o
The An of £ AN be Foond simPLY SiMcE

,fm (a‘]

- I . wt
ot + & ta So 2 dm 0 4 (taw® =
iﬂ/z,

1"

TrIGONOMETYIC FUNCTONS of COMPLEY NUMbERS

LeT'S Porsve The idea of (.N's furTher AMd See
1f WE AN GIVE MEANING- TO The SYmbOLS SIN(z+3¢)
OF GENETALLY SINT where T 18 ANY comMPLEXR NUFMbeER.
Suoprse weé JUusST  TooK Jor f4iTh ThAT
6“1 * COSE +CSIME
where 2 mMATY be comPlLex or reAL, Thenw we cAad soLve
for SINET And Cosz  To GeT

‘.& _‘.% . - *
SiNnz2 = € - e and cCoOs R = e‘%.;.e‘i"
2 F3
The INVerse Trie Funchons AN AlSo be denned |f

W:cosE The £ = cos
LIKBWESE For The SINE. SVppose we€ WANT  The INVESE
TANGENT | 1 g,

bl |
w: tan™ =
WHich (MmpLLes
z = ‘A W
SUBSTITUTING tor TANG&T
tw -:.'WJ
z = (e - e
+ 3 -t W
t(e e )
CollecNNg TerMs
. 2w tw 2w . nw
P A e _"l iy £5(e _‘.|) = @ - —p l+1% = &
eZt'w*l j -1

. {402 -
Then TAKENG LooS we Ll () = danTe

EXPOMENTIALS  Are FeALLY SINES AnNd COSINES AN N The complex
Number BYSTEM ThEY ARc Tied (LOSELY TOG-¢TheR.
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LETS o bk AND THRKE A CLOoseRrR LOOK AT
COS (XT(Y)., ExXxPANAING 00T we GEeT
COX+4Y) “CX 4y

COS(X HEY) — € + € - e'?ecx , e“’e““
.

2
..‘f . i ~
-;-[ e (COSK teAvwax] + €.Y(COSX “(./\)WX)]

e*h -y Y -y
(___Lf; cosx 4 e'-e )smx
A

z

u

IT 1S SOmMeTIMES C(ONVEMNIEMT To Dehiwe The MNéw Hincnows

-y ¢ -7
smhY = e¥f -e ANd  CoshY = € 1€
* Z
which Are cALled hyPer bouic FUNCLTIONS. They CAN
ALTEr NATELY He detiNned RS

cosh ¢ = coscit) sidhYE -usw Y
The coshy M S iNhY  have The Prorerty ThAT

cosh™y » - sinh'y = |
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=
ProbLem FivD ( b+ ) =

™is 18 oFf T™e form
crde ey CHd¢
Cot+bhe) = (r?-ec )
where & = | b oo ¢ = | d = -} n__:ﬁ ezw/q
( t'njq )C'fd(. CI r[/q c er/q d‘:
g = (e = (fte ) (7 &™)
. . - dr
= Tileosmavismm) (%Y
i : . L
< {1 eI (cosTy 40 sin Rfy ) (ﬁ)
No w dt e
() * n : cost 4+ CsiMt  where t e ddnn
-l‘ s )
t: - Auta 0 T™haT 3, = COs(-—,&,\ﬁ) faow(-/f-ﬁ.)
X
z - 'ﬁ, e* {4 ting

l- tos g + cosC- A ) 4 i(Sud Ry fﬁ%f‘/e‘"ﬁ'))]
i eﬁ[si‘rl‘hﬁ [ C,OS(TTI({ ’/&aﬁ) + pvﬁ(“‘/q"/&ﬁ) ]
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CoNTOUR |INTEGRATION
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FUNCTIONS Of A COMPLEX VARIALLE

] Now LiKe TO0 TALK AbouvT A more OonerAl SubJded
Trar of The ProperTies of TuNnmons which (ONTHIN OMPLEX
YARIALLES. | will dedal Wit funcnons of- The TrPE
W= §l2) whnere 2 fANd W Ace boTh LOmpLex Numbers(C.u
N EXAMPLE MIGWT be

W = T =2 X+¢Y
ThEN W = U kY 1S deskribagbie & TErMs ofF X And ¥
SiM<e Tl x¥-3t) 4 TRY . Then wE hAVeE ThAT

vz X* Y% And  V Lxy

AnoTwer £xamrie of w= fczp s
j

.

fre?

Md 1o find U fAnd V ] hAwe TO rewri|Te w AS
‘ i . Uy Tex

w = = _— =
b4 (X +0Y) (-1} +ix Ciy1* et
or g = 1 -Y And V 5 - X
{1-¢%) +x* (1-3)t 4 RY

Nouw S€& Then ThaT A CopPPLEX MUMber o{ A compLeX
fopemion 1S A doncrion ot A real UATIRBLES.

IT 1S herd To PuolT w  becAvse For Every 2
which reguires T TEAL uArfiblesy TO LD ATE T TheR€
Afe 1. TeAL VUATIADLES 1IN The w PLANE. Thos we hAave
A Toor dimensiomal MAPPING.

Apo™mer ExampLe of  w= fg) IS The FJoncTioy
w: 2¥  where we WANT The COMPLEX coMJUGATE Of 2.

. .
Thus Ly iv 2 (x+cY) = X ~tY
U= X AN d Vv:e~=Y
One  mMore ex AmPLE - w = ea @ cx“Y

W= e’ (wsy +¢nmY)
9

u

er cosy v = e*sinY
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So AR we haven'T SMD Too MucH AbowT The &eNERAL

ProperTies oF A COMPLEX fuNCDON. There 18 A Difference

berweenN cerTmd PNMOINS AN The diFference hAS 70 db wiTh

WheTher, The FONCNON 1S AMALYTIC or MoT. AN AN ALYTIC
fUNCRON WAS The ProPerTt ThiT T AN be dfferammaren.

TMAT wMeANS ThAT U Mld V. Ate MOT  ARDLITrACY AMd hAVE

A SPECAL ProferT ThaT Thet! C(ome from The samMe fueminow,

Some TONCTIONS fve woT ARALYTIC. FOR INSTANCE WhAT
16 The derwanve of 2% 2 where & DenoTs TAKING
ThE COMPLEX CONJOVOATE. How do Yo v d HerevNATE AN

oPerANon LiKE ThAT., SomMcThine RUST be The MATHER.
Le1's petive The DermivaAnve AS

F'ez) = Aue f(zraz) - fz)
da —_0 4}
fvd Mow ™Y The fup chon '2*,

ac%nz” cx+iv)F s (x-cv)
Then () = ,fy;,, (z +az)¥ -z*%
8 43 o

47

where A7 = AX ~EAT. Thus
gz = Am (A2)¥ L e Ax i
ﬂJ""o At dj;:ﬁy Ax + ¢y

This LimiT DePends onN Twe vATIo of Ax/ay . 1T 1S EIThER
1 OoR ~| . Theretores The LIiMIT Depeudd o HOw The O

1S APPROACHED . Pou AN ALYTIC SuncTiON 1S DERNEd 10 The

LT AS A3 O om  Awy DIRECTION ,e6. f wza"
™The §' = 2-9 or

Jow  CETAZ)E - 35 Lni 2343
e T a3

N order for & fochon T be AwALYTIC 1T MUST
SATISTY A CRITERIOND catled The (puche - Rievan oriTerID.
LeT'S DenvE The (riTeriR Hor w*--l-'(z;) Whére The
reaL And  IMAGIvErY ParTs of W ATe GIvEN by U
Ui, vy AN V= VIX, ¥ )] RESPeCTIVELY.

:Zé,
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Exeid 1IVe oUT The DERIVATWE
fuey = Awn W E3T43) -~ W3

Ay t14Y 0 43

= A LuCxtan, pry) scvontn v1av)] - Loay) scver,v) ]
AX +¢ AY

- ax Yy  + AY Vay & ¢ Vax ax 4 <%, Q¥
dxtiay e

e differeama L coefhienTs MUST be exACLY €QUAL
Whed A= O Awd AX > o ANd vite versa. TWo EQUATIONS

EVOLV E hez) = Qv .,i.é_v A d ‘P(%): -ﬁ(%‘.;+.(%.é)

oY g X
FOr These TO be €QOAL We MUsT REQUiIke
_a__t" = §_,\..j M‘i é..! = "'5.5,..9
K 3y X aa,

Thos AN ANALIIC fUNcTion MOST obeY? TheEL ©QUATION.

Mow To The domb PhisicisTs Who Do&SN' T Give A
dAmn fikbouT ALL TS MAThEMANLS he MAY  come Alross
ThesSe ANALITIC COITENIAS | A Problem ThAT REQUIRES
SoLvine A DifteRevTAL €QUATIon. ths Probiem maY hive
The ProferT™Y ThaT

Qv - v pud JvY - -V
3 » Y dx S

This 16 ACTURLLY A FRIRLY COMMON condimion <Sor if |
DiferevrpTE AGMN And ELIMINATE V | havée ThAT U

ax" d
This s The: ™o DIMENSIONAL LAPLACIAN & uATon . | M Three
Dimesopy T wovld be

&}_" + blu + aj,,_u ‘.‘.;O

axt Ay’ 331 %
IT The problem Does MoT DepewDd OM 3 ThEN The Soluloy
1s MOT Too 4w To obrwan.

The cduchy <RigmMmavy  Criterih hAS AN INTEESTIN G
ceomerricAL  SieificAnce. 1f B MAppING 1S MAde fbodT

3" The denvanve of Theduncnony is Shrvvk (v MANITUdEd
ANd MOTATEd Throve h SoMé AVGL G
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Now
wmMPLex PLANe.

ivom

ComMPLE
'd  Like TO

| To .

So ??ob&-

X INTEGr ATION

DISCUSS (NTEGrANON 1M The
fwmoT To o

15 7o GO ffLOoNG

Onve waY
S MALL STEPS ;| 4

S o) Az, *

TAKING VErY

).

Jerydz =

We would wviTe Thys

§ Luoxe,e) « Cvix, v 1L Axe+iav]

where 18 The INTEGrAL wé woold TAKe The reAL
'Pﬁﬂ‘.S,\i.
S:‘ Udyx -VvdvY

Now whiT DETEr MINES The RELATVE SIEE€ o dx mud
d9 2 Opit The CURVE . I The INTEGrATION 1S MADE
over fpfferenT PAW Then The AuSwer woold oney

AS

8

Defenvd

6N ThéE eND POINTS ,

F(3a) ~Fe3.). This o5 A

ConsSE€qQuénce ofF F

beive AN ALITIC

Hf We pow NAVE TWDO SePARATE PAThS BENWEEN

POWTS
1

F twd - Thev

Shoutd GIVE The SAME ANSwWER
Ce

Jie,

h oRr = O
S-I Ci SC, TSCZ B

Thus The INTEGraL ATound A CLOScd . :

“

P

ts O

Jdx — v 4y

IS A vy m?onﬁﬂwT

A noRe GENErAL ReSULT

IS

S0 . This

RESULT TO Th e PhYSILISTS.,

§ a cx,vh dx + bx,v)dr = § - 3 +§:b)cl)cclv
aref

THS 15 CALLED STOXES

L AW,

An ExpmpLe 1S

§deﬁ +Fe dy = S

47
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LET'S TryY SOmMe ProblLemMs INVOLVING CoMPLEX

IMTEG Y ATION .

LEeT Wzg)" U= X -9 And v caxy

i
S° Udr -vdy = SLU*V)dx = So‘

MNow LeT's TYY wW = Yz pnd
ffbaoul A CifLLE

S, dz - Sxdx +vdy
¢ Xt + ¢

swee  w o o a-ey W
X*ﬁ‘f xl_fwf]-

2

-..Zx"d jrrdiient Wt
23

INTEG FATE

2 V=Y
XEYE ) ;:;:f"

if W& Chfinee vaATIabLES The PropbieM witt

Re A LITTLE EASIET, That 1S LéT
A s A CONSTANT rAdivs  Avd ©
Thew  dy = ae‘®de  And

= G\_e“g
1S vATifrbLé |

We hpve

. ‘Q. . .
S ég ot S Cae{' S‘? =) %‘;AQ = LN ¢

Ge'?

NOTE This (eSOLT 1S INd gpenT O0F The radivs. This

RESULT |S VEXrY tMPOrTANT. \T SAYS 1F The

ColTINS A SINGULAYITY The Y

AfLve of The

INTEGrAL

INTESrAL

1% 2H: . l{' There AME N0 SINGULATITYEY Then The

CLoSed INTEGrAL 1S O.

S dz ’LM()‘ —/?ms,_ = MK

2..
where N TeEWS how mMmAavY
LeT's Ty d¥ . Lemiwn
=
N S U
T a

Thos St“d’t"zo flor n=

TiMey YO WV

- * = ae'®

INTEGEr

e N T n o= -

ysg

oo #roupd



LeTS Top ONE MORE PRobLEM

T = Sw _dX - de
S IR the Recf Y

1

B ],

ARC)

WE OmLY MHAVE To WwWOorK OuT Theé Semy Circlé 10
GeT I, Twus

. ‘@ . : :
L e » ~ & _
S ]L-;- Lt 6169 Cl@ i i- S € G{Q ) O'a

whtT WENT wyons ° WeLL] AT 5: C The funcTion 1S
NoeT ANALYhc, ThuS We peeD The INTEbral Around Jn

R _SO; de’ - bony =

i

L2’ ¢
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NMomMEeERICAL IMTEGCEATION

TRAPEZO0I1DAL ANd SiMmpsonN RILE

Suppese we wmeed The vRive
The funcnew Hrom

ot  The INTEGTAL of

o te 1. OFf covrse wé& sShoutd AtLL
14x*

] 1 _ t -1
INTE GrATE S‘ i I TARK ), = TANT =

—

be AbLe To diRecTLY

BUT suppoes e weE WwWerenw'T %0 SHALL

And we don'TT HNoOw hoew TO
INTEGrATE whAT do we do? Well, onme wA? 15 TO Break P
The INTEfUAL INTO Ay, 4 €QUAL PATTS  Ard €UALULATE The FINCTON
§Cry = A pr €Adke POINT L g

X ¥ ix}

& I.O 4‘7‘)

4 S99t

2 80 0 L
Y4 o4 °f Ve

i .5

+
The Trave Z2OMAL

roLE TeéLLS 9SS ThAT The fref; ondel The
corVe IS EQu8L To

A: AL 55e) v $Cu) + $0n) + $08) + ' fn]

ko= INTErV AL widTh

A= yql Ul + 99 .8 + .04 1 Hl%)]
- .7828

EAACT AwsweRk i3
1S votT %0 BAL. [T

Wherg

Sidce  To 18634 The TrAPE=OIDAL RULE
15 M erfror b? Less Thad Y1,

There 15 ANOThER. meThod FBr  BUALUATING The  RReA oNdeR

The nTeorAl, ANd ThAT INVOWe The SIMPSON  RULE, The SIMPSON
o€ MAKeS wse of The GenverAl SormuthA

A= A

3 —

3 L by 4y, 24y, 4 fi3), Z—FL‘U‘, 4{{5)}”(6)]
Yor The exAampLe Above

As - T}:E[M +4%.349) r 2%.80 + 45.64 + u.sj =~ . 78533
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— The TesulT 15 AMAZTWGLY ACGJIFRTE . IT S N ErfOf bY ONLY
I PACT 1N A hundred Thousand. This

1S SEenSANOMBL AccuRACY
Sof ONLY 5 PoIRTS SPALED every .28

INCREMEMT. Simpsop’s
RULE s VEFY PowerbL And Shoutd be uUséd Jor mosT

CALCULATIONS which pre DifficvlT 70

INTEGrATE AMd (€T
wWhich reqQuire AccurAcly,

AS ANoTher EXAMPLE ‘FIMJ

Sol An Giax) dx . A
1+ X*
Let hx s X P x? B (1 1x) In Cigx)

0 .o o ‘J" LOBD
Yy 94 18648 0198 yit 8
fa .80 40547 (0507 t.ol4
/4 . 64 . 53357 ,0832 3,28
! e . 69315 1385 1385

L.Yi9

. A: L (e¢4i19Y: ,§35
1

IN ThiS ©wiMPLE | hAue Showw ThAT NsTeAd of TrY NG TO

INTEGIrATE
A hard foncnNonN T

IS mMucth efSierR To JusT worK ouT Some
VALUES by hANd Then 0Se SIMPSONS TOLE To GET  The ANS weR

To hich ACCUrRCY, Shmpson's  FULE will wWerk for AiposT A
APPLICATIONS Where ACCUrac?  Less Thanw | ParT 18 10% 05
desired. 1T witl MNOT WOrK when Twhew INTEGrAnd has A
poLe .or When The INTEGrATION LT ProDuces INFINITY, 1§
SD‘ f_'t'c dx . One TN Arogdd Twis Problem 1s To Pertorm A

Per TUCBATION APNABLYNS AwvouT The Trouble TUOINT.

IN The case of
i I
§o cosh 2™ 4y

we  hAve Trouble AT x=1 . S0 LeT
1 -xr ¢S Y
X=l-€ Avd we hAVE ), h LTS e cosh (1-€1 "
il'Ci"E)" .
L€ -
to dresT order we  hpve L (72 Yoe i-én
T Jo R de
e

For pccurfcy PurPoses The error 1d The SIMB0 ruLe
resvl T 1S GirVEM DY £ = 245 %'V(x)
J8o
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Hore oM Theée SimpPsSON  RuULE

ConsideR The INTEGTAL

£ - X

S e dx

)
whAl 15 ITS UALUE? Well, APPLYING  SIMPSONS rule M
sPeps of 1 we woutd hAve AN firedn which Depeavds

od The vAwve of a1

N (e} = “é"[ ] + 46_‘11"2.&-1&.*-43—30‘.}-“]

Well, The INTEGTAL |5 QUITE EASP TO € vALUATE ANd 15 JusT Yq.
Thus W& nAVE ThAT NCQ) = Yo = Y3 [ 1t qe”™ +2e N pgqe74, ...
The seried Al e wrHTen RS

I} qe."'q -2/
b 1% + 2 _€
3 [ Iﬁe‘lu E__e~?.Q. }

I hAVE euBLVATED ThE VAWE o0F The NTEGrAT" for vprioud
vaLves of A usiPe 1oAaddiTION The TraPezaip AL Tule for
Lonp&n&oﬂ.

03 O. NCa) & OH (o)
TrAPeTVIDAL Simpson
X ~ 4

¢ e/ I+ € /igo
S l.oti i, ovo 39
L9315 . 64o t. 0ot
.00 .08 1 1. 0049
1.3863 1. 155 hole?
1.3025% 14907 1.093

NoTe dor o = 693, 138¢ Mud 230 The Juncmon IS droppiie
vown bY A facror of 2,4 And 10 resPecTivelY N ONE

@ or 2.7L. 1T 13 incredible TwAaT The SiMPSOM TuLé
PRESETVES WM GhE FACWORALY €venN To A= |,3863
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DifteReNTIAL O PERATOR , DD

For  Reéflsons which  ARE NoT appARENT I'd LIKE TO THLK
Abeuy The prfferevTAl OPerATOR , D And Sdme of ITS Propermes,
Consider. The Funchion +0x  Ad TS dervanve -F‘(x),ﬂwhd

549CRY = 4 fix) 2 DFW). D has maNY ProPerTEs which
PermiT X TS mMmAIPOLANON AS AN ALGEbrAIC STMBOL.

For €xAMPLE  BIDD X = $"(x) = D Flx), Also

(420 TD )W) = Sx) + efx) # $9x)
C1+DY TW)

Now LETS ASK  wWhAT L M [p MeiN. We mAY Guess
ThAT 4y 1S FELATEd  TO  INTEGCrATION  /Md ThaT

-t 4 = (X The conSTHNT 0T INTeorATON
SRR S + C C s moT defyped.

IN oThet words £ U oPerATES ON F(X) Thed |T Produces
FIX), To Prove This MuTiply Throveh BY D 1,

D ( -—'[—) qCCXJ) = DFX) = )
The SQuare reoT oPerMOr 1S Dehwed AS

40 Lo fempl = 4'(x)
The orerATor %P 15 one of PARTICULAR (MPORTANCE
And 1S Dehwned T b

e®® fix) = Fixt+a)
e®® s ThUS CALLED A TrANSLATOR SincCe T mMoves X 1o

Xth., The e€xPoNeNTIAIL OPECATOR haAs The ProPerTy ThaT

ebDe&D = em-rb}l). To Prove This

ebD eQO _le} - e(QTbID ‘i’(—X}

e Fix+a) = F(x+bra)
¢ fixtatp) = Fxrbtra)

LeT's DWFeredTIAL WiTh  MESPECT Toa B
D= d De*®fx)y = §F'(xta)

c_’& a
:TI;Y,E’ ® fox]
g-x (Foxta)) = §'0(xta)
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ad
The operAnioN e £ has meanng when 1T 15 6xPiided

e Fx) = (itap +ard pald .--.)»fcx)
! 3}

We i U3€ The Differemal To0 Derivue T e SIMPSON RULE.

ey I (X} = S: Sexidx . We wauT The § wwreeraL A7 Atih
to eQuAL  The follow N

Tx+zh) 2 TUx) + afix} + bfrrh) +¢_{{x+z£) + et
We Meed To fivd A, b, auwd T for This TO be True, Thos
Wwe MNeed To exPaud 1 (x+ih)

T xen) -Tix-A) = o $ix-4) 1 b §xd + CFixrh) 15

Fix) +hIx) rhTaa) + B I%i(x) - L(x-h}=
T 3!

AS A Power SeEmes M A.

Th T'Cxy 120 I™x) + 1hS TYx) + o = (arhtc) $(x)

b 31 ,

y - ¢
ow TI'Cnm =z £y , I x) o= fMx) eTC 7 Cha-he) £1)
F MOST MATCh  Theretore 2 h = Gt G 2

ha £ he - aFc £
h?. : "\lCL, "76\.:"-? ‘?u
I 1
Thos The PATETYN I3 h 1,41 3
3 L]

dsine The D ffereundL oPERATOR MNoTATION we A
Work ouT The APProxiMANoON

Y(xthh) = a¥u-h)

+ b Fx) + C 5 (xrh)+dfixreh)
VohD W

= ae”® +b 4 ce™P + de*h®
EXpANiNG TS Power sEvies Aind MATChiIN G TERMS
=« ae ™ 44 D Le R Cewuw
& =d Avd b=-cC
| = 2a cosh (ho} + tbeesh( Y2 hD)
= 2a [ |+ (Yuh0) 43&_@)9] 5 beucﬁo)gcgoﬂ
N 24 kN 2y
wWe wWANT LA t+lib-= | A= |~-h
ZO‘L?S 'f'Z.b—é e} -> b?q/“‘ !O\:—I/ib
FOO= -d foxrnh) o e Fixrha) 1Y FOook) -E Fx-33
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Moke own DiTIeRemTIAL  OPERATORS

We have TALKed AbovT Twe DiffccenTiA oOPErATOR DD

50 Pow LeT ME Show Yoo Some ot TS INTECESTIN G
ProPermes . M 1 have SfowceTwn gex) Then The inverse
OPETr ATor , ™’ , wroriKING  oN T will ProDuece The uodt"’f'm:?f

INTEG AL S"acuucml Y
D" gen :5” aca}clu.

ExTeEnNdIpG This 1des Frher The S&copd INTEGTAL of a{xt}

S T - :
i & ,.Dzau) = Sx(x%)gwfdu

Te Prove Thas We cpp INTEGTATE by PACTS
DrPgex) = (“du Pocvidv
g £ T
duv v
oV [* - j* udv
§. egeurdu

1]
H

X S"achlv

collé<TAN G Terms

il

D auﬁ} 5" raw) (X-v) dv

Theredore we Finvd wWe can Perdform A Dovbie 1MTeerfTION by
A SiNGLle INTEGrAMosM . Now This 1dei v be eeverfuized
Aud wé AY Show ThiT

D“3(j(x) = 3 S)‘ C)(“u)zaw)du

fod W General e
-W -

exp o= b (Y - Jjdv

0 a ! h!g (x-w) 3(' ) d

Thus uUsIne- ThiS farmolA WwWE€ CAN GIVE A MEAING TO
The oPerATION D""am,:.a

D aLX) = /‘ﬁ Sx CK-U)-%EJ{U}AU

The consT™NT I8 fronT & HMAY 00T be f16hT baT TheE
rESULT 1S MOST INTEQRESTIN &,
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SPeciRt  FuNCTION  TomeF worTh  KRowiNnoe

Soppese ¥ou hAd A Probiem whith wuoLved The

*
FVNCTIONM F(x) = Sx e"" dy - Weir, vou won'T et Hr
>
Treimwe TO  EvALVAT & This ndehroiTe InTeEGril . 1 PoU
(AN T INTEGrATE T . Wh AT DD Y0 ¢ do wiTk 1T 7 NoTwine |

Wertt, meT QoaTe woThive . 0O Thers hauve Treed To [ NTEOrATE

tT ANd Gowe T A LoT of Treubite pome SO0, There AE oTher
furkTIons  SimilAr TO The Above which Are dehwoed A5 iNTEeras
fNd AS seckh hAvE The ProperTy of CArrfine The foncMom DoTSide
of The wNormAL CiASs  of fontTiens wiE, €XPONENTIALS, LOGACITHMS,
TriconwomeTnc, find Tr iNsCcend EMT AL FuncTIonS . Onty  MTewrANow
hs Trass properiy of MRivg A PNcNos ouT of The moarmAt
cpss. DI EreNTIANON witt poT DO This Trick.

Some ot These odd PptTom s haue Comé Jp ‘f‘fequtw'rw
SO PEOPLE hAve GoOME T A (0T of Trdubie T0 MMAKE ¢p A
se7 of THfbles which AWdS (M TVALUATING The fuucTion
Tor ¢éx Ample  F(X) s CALLEd Tre €rror Fumnon of X

ANd 1S Dehned AS

i
ecfxy = & S‘xe"f c]::
i b

This oncNON freguenTly occurs 1o PrOLALILITY? Theor?, I7S

otd Fashion TO LEArN  AbooT These Tmehows Siuce At one
CAN too¥ Twem 0P however , 7 ¢ worThwhile To kndw

Trhe behavior of The wTeorat for udnous varves of r

So teTs STVDY  erdx) for lAaree AN SMALL UBLUES
of A First for Smaul X we AN exphAnd  The expow ewTiAl
Md INTEGYATE Teren by TErmM

X
Erfcx) = 3‘5 (I"‘fl*iq v +——-)°"1’
rﬁ Q 2 :‘-{
A

[l*’f-rf' -’ +“']
R 3 5.2 3.31

e

Tmis APPrOXImATION Wit be oALIin Sor SmALL X,
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Mow dor LArece X  The APProxXIMATION (S A Li1TILE mOre
DiHICOLT bur we Proteed AS JolLows:

£ = 2 © -1 o -'t’z
EYECx ) ﬁigoe dy _S o déf

X
The fArsT Terv 1S dehiwmiTe AND egoutls -~ ’ﬁ/z_, Then wEé LAve

oo
E?‘F(-X] 2 I - =2 "?td
= )x © ¢
Moo we hAve T S0LWE ThE NTEGYAL, To Do ThAT wWe mAY
write o0 ‘?LJ [+ +] } _?L
Sx < & - S — £ ¥ d‘:’
X Y - -~
d(—e“')

INTEETATING BY PARTS "

= | _ (™ -9t Jd
Tx = Sx e J (z?)
Now SINCE K S L fpree w€ AN AProxImaTeE X by ¥ Awnd

txpovd The expopenTIAL M3d  INTESrATE Term be Term, We
ind ™naT

erftx) = |-

z
- X ) e
PR (R T I
ANOTRET WAY T®  AMIvE AT ThisS AROSWERC IS To LeT Y= X+M

i
wkeve 7 13 sHMALL Thew X P AN E(x“‘} R

S
© - ()t @ ~X  -ixm -nt
er{cx)"-l-’—'g e d = |- & e e d
i ), L8 7). e drn
™ RoppPING Terms 1IN Ut for FrsT  APPROXIMATIONS WE
CAY 1IN TEGYATE S_:D e "M dn = 1_')‘ so To FrsT vrdér
1 -XY
eY‘{'Ui) = _?'r'“ﬁ T c T hicher ordér Terms,

The Series which we hve JUST WrITTEN  INVOLVES
fpeweifls 8 The NUmeraTeor MNd ThereforRe The series S
LTI ATELY DiverGIMe., Thus we MAY Dehine The DIVEr&GiNG
+ "3 Lt

seues AS hAVING The oualve i [. - er{cx;_]:_ .
(A ?-F‘ _‘L-xt)
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A very pTeresnne ProrerT? of The series For uaree X
15 ThAT YOV (AN &eT AWAY WiTh A sood APPIORIMATION bY
RETEMMING ONLY The hiesT few Terms, dowever, DLTIMATELY
ThEeE seres wilklh Diveree BAT Pou Wwitl MAYE ThE CighT ANSWEr
To A REARONADLE ALCurAcY, The error IM ThE FresoOLT 5
of ™me order of The LAST Term reTHING. For exAmple i f
X 7L Taen The SEries (S

S e I ) 387 A
i 8 &4 53 ° —& +

If oMt 3 Terms fire KePT The ANSWEr 1S good To Abead
S%. |f x=1 The Error 15 QuiTe Laree  of The order 1| 1Tseuf
SO X MBT be &veATer ThAT AT LeAST 2 HFor The APProx MATW
TO wor K,

As A Probrem SUPPOSE YOU wANTed The #ONCNON

Gwew bY The INTEsral SD" erfrydy . This is woT

THADOLATED S0 Y0U have TO Do Some work, |f we sobspiuTe
or erfy) we have The douvble INTEGYATION

X 0y e
S Sa € § clucl?

[+]
Now we WwWANT 0 reverse The order of (NTeoramod . To0 doThis

17 A8 WOrtTmuwhiLE ™ Draw A PICTURE L _‘L:i‘_l__ WY
We wiT The cTrossed WATCh AREA INTEGrATING Y
wiTh re€specT T Y FirsT, 7
X ¢ .ot XX 1 ﬂ-u
c dody - -
S° Su : ga j'ﬂ e CI‘.’ CJLI

X -ut
z Sb (x-d} e dv

~ul ..u"
:KS:e_UJu-Bue du«

Sﬁ evher) dv = X'fg erflx) <+ 4 (e_?< - ))

o
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AvoTherR  problem WorTh Sotvineg 1S The MTEGrAL

o "'XL AN o . - J.'U'y 2 _wt
S- e e cl)( Sw e X ) e /4 d)&

M owe LeT P = X -~ Lw  The INTELTAL BEeWMES
.-tli'l.
e "S. | e  dy
=00 Wy,

e twn omw The  INTEGrATION  LIMITS (M bé 16 MORe}
50 W& hAUE ThAT
o 4L ]
de ei‘ etw( J} = W oe
We Fid ThaT  INTeerAL of The oAUSSIBN 1S AN ervor ‘F\Nc’ncu.
As H exerus€é  Prove )
o0 - (x-X . - X A?.
av T -—
S—oo € e ° = In e arb?
at+b”

L

_u/"

3

A Number oFf PhySItAL Phenomep i 1NUDLUE INTEGTALS
o} ™e Above TIPe. The Theory of heffT Trawster oses
The Above INTEGrALS 1N SOWING The DifferenT™Bl €QuAmon

9T T
ot FA*
The 3oLvTioNn Ts ™his eQufTIO R 1S .
: - (x=X)
T 5 == e

§4nt

Ao MPorTART ProPerTy of The difberenmol €9 ofTION  resoLTs
it T~ 0", I Tus cAse T The TemperATure A PPROACKES
The deimy fuwenon: §Cx'). Theredore 1f At t=o, T
15 described by $CX) AT ANy LATER Tme 1 The TEMPErATURE
T (X, t}) 15 GiveN bY

- C)(-x‘)z' \
Tx,t) = ! S e At  fwx') dx

{4rt

This 15 A VETY MPOrTANT RESOLT 70 ALl of MATR Physics
ANG T 15 worTh Uidersifdine 1TSS Mefpd NG,
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FUMCTION Ave SeverAl OThen

RELATED TDO The ERRIR
iN Phvsics;

sPeCifL fowcnoms enNcounTeEred
X
Soewd? ) S:( Cosazdg ,jov;\d"d&

The LWAST TwWO Are cAlled fresnNel \NTEGYALS And ATE
encoonTEred I8 OPTes 10 difrAcMoN  Theory,

To 5€€ how The Freswmel INTEGrALS Eublue And
Are veetvl Cowsider A Sinele SULIT or knite edoe
WAVMINATEd bY AN - nhiaiTe Sovurte . The shiddow casT
by The SuUT s NoT AS €xPecTed by fatts off rw
AN ozci Ll ATOrY  FAGhion wiTh some  LishT  fALLide iNswe

The sttt
’ g EwrecTed shadow Livg
:O;Selm;e
s AL LighT INTENSITY
Iv arder 70 And The LichkT INTERSITY AT A DISTANT POIINT

R quce‘r Frorm Thet Kpife We musT use
us T Add ALl TweE
IMOdENT ON X

X oN A gOFrMcE
HUYGes P riwciPLeEs which reguires

mpLndes of Tre ncremenTal  ElecTric felds

Thos we nfive ThAT
At x) = S s w(t- ’%)1 “5‘

L
Tre  dusMnce /LJ : RT3 (330 AN IS @APerox mATELY = RT4 ELE(X‘Y)

svch  ThAT
P‘“u“)f@S oS | wit Ry & (x-y)*|d
,, « ). i C) 4 R ) J OY
where Rz W/ s 2L 2 wAve PUMbER.

&0



WeininGg  in ExponaNAL form

k
ACt, X ) L eLw-o) ¢ fpuen™d

"
[

dg

) CLOLE ~R/L) jw e‘-z{-%_ (x-v) Cl‘;"
- o
The INTG6rAL chv be wriTew 10 The Totlowiv G form
cwilt-®} X o
At x) = a{E e | Saemsstdy - g a4 |
i X
where 3= (¥oX) {E, c S
The

LiGhT INTEMSATY

IS Gloenw by The sooare ot The
AMPLITVGE €

add we cAaM wrniTe

T= 1A = oA IQ?‘+.5LJ
we o ﬁMd 1 for L&R6E LhUes 04 X sioce
@& L, . ~ OO
¢ = S'X co&a cl, x }-co CD.SdLéJ :{TT_

iz
St AT s= C —Jﬁ/[_z Th €M

1= IO * 1
=2 [ ¢+
where Lo ] X0
¢ - sy dy = cesy = d
S-’ %RX é é S"’S é j
S ¢ S_ ‘—%M S mé-z'olg} = S‘S ,Om‘ng)‘ J;
where £ = )ﬂyﬁéfz.g

l'f Wwe WANT To Kpow ThE  be hAv10OF o-f— The LitohT
MTERSITY ivside The €dGe 12, for § £40  we waNT ™
EVvhVvATEe



R

if we

Look JUST AT The FrsT Term we o GeT A
ideA of how The INTEwsITY FALLS ot
ADOUT €QuAiL To

MoTe ThAT 1T 1§
¢ aset d 1
_t fe] o gracr A
2igl st
T]nere'{-ore o L N
S eos 3 clé X ~oww |S]
131 2 Jg|
o L. 2
S Rung clé = oS 151
5] 2 is
Addive The sqoufires To ARG The INTENHITY we 4 pd
IT ProrPormTONARL To I/‘IHSL . ThAT s T FLLS off
as ‘/5" oG 1IN Trom The “€doe.
O The oFKBR hAnd for LAree vALve oF § Hrom
The £d 6 E We hAaove ThAaT

>

usSzf c\é = Si: c.osc}’"dé _j_;j C.D.Séaclj

= 7 _ ouwlslt
© . M 2151
§op ezt

= ‘F{L + Co3igtt

SQUATING fivd Add ING  we find The © 0 inTensiTY
PYOoPOrMONA L To

cosist™ + busi’
3
This descri bes

AN BSCILLUTOFY wTewsiT? FatLiNe off
AS

s, The oscill ATons fre AbouT SOME MEM UfLve
Profo rMNoNAL T© The wiT AL INTENSITY,

Theve S AN INTEFeSTING ProPerTY of The Fresued
INTeeraLls 1F we LeT
X= C(3) MmNd v = SC§/
find PLOT  C() vs Sc§)

wih § A A
we GeT A

VAri A bLE.
LeOKS LIKE

The FolldwiNg

Corve wnich

6l



5¢5)

ccs)

This curve IS ChLled A COrNw SPITAL. The worve hAa8aa
SOME INTERESTIMG ProperTES. MNoTe ThAT

dx = cosgtds dY = singtdg

ds = ~Jd;&"+dy" = dg

TwiS medNvs ThaT § 15 avariable of LeNoTh AloNG
The curve. The curve 1S LAY Ed OBUT N EQUAL usiTd ot
g'o. The swore ofF The CQurve s Givesd by

d¥Y = TANE = tamg"
é x
oRrR e = 57‘
Thos The Curve hAs The UeERY UNIQue ProPeRTY ThAT
You KeP TOCNING AT A RATe EQUAL TO0 The SQUARE
ot .

The DISTANCE beTwWeen SPIRAL CNTERS IS The AmpuTude
ot LiohT Thus The Orield  (orres Ponds o The kKmife edGé,
The aismance From 0 te 1 15 2 A, d The INTENSITY 1S Y4,

As The temeh A chiuges or The SPITAL uNWIdES 1T QSCILLATES
AbouT e cewier,



More  SPeciAt  FunNcTIONS
EXPONENTIBL INTEGPrALS

seme ot The specific funcTIoNS

We have been dxvssing
Tod A® ''d Like

which You MAY come ACROSS N Your WORIK,
To START wWiTh The FTUnCnoM Defived bY The

'Sx et Aé. = Eg{X)
+

INTE &AL

1S CALLED Tht &&P INVERSE

This ndetimiTe wTEerAL of X
REASOM The EXPoNenTIAL

EXxPOMNENTIAL INTEGIAL, Yor SoMe STUPID
INTEGraL 15 Deéefimed AS

oo -
g etcjf = ...E,;("t}
* t

The INTEETYAL CAN bDe EXPRESSED AS A 3Sine AMd CosiME

FuNcnos  AS ©
Cooxy= - ), costdt
+
X
Soex) = Sa SiNt dt
t

Mow There Are TAbles of The INTEGVALS gwen $or UARIOOS
vALves of X. Yoo Shootd nNoT Go To The Troubie of TrYne
To WarK Them oul. IT 1S o8 1MPOr™MNT To RELCOLNITZTE WhEN

You have ReEAched This POINT 1M SOLVING The Problem
AN o To The TADbLES.

50 You

WhilE 1T 15 wASTETUL To TrY TO INTEGPATE ThesE

fUPCNONS, IT 1S Useful To INVESTIOATE The behAvioR Sok

smaLL ANd LARGE UVALUes of X, Therghore we woll FirsT

LooK AT whAT hAappeENS AS  x —» o, We rfEpLAce X by € u

The vTeeral ANd ASK  WhAT (5 The ProperTt? of
I(e) = S: eﬂt dt

a—

T

To Proceed we witt  gdd And SOBTrACT AN INTEGrAL

Which hAas The s5ME be havior 10 Thir LimyT AS € 0



1 .
An  INTEeraL which cAN be UsEL 15 j 1 Jdt which 18
E
vatid for SmAaLL €. This INTEGrAL 15 dehmret AN has The

vaLoe - fme. Thus we AN wrITE
[+ ~t oy -t I
I': c _e_. CJ{‘ = S %_ J-{- _ _l- c,.é _/8,"6
T € 't e t

The 10T€orALS CAN bE Combiped |NTo The foLlowine Jorm

@ -t |
Leer s 8« e dt + SG (e_—_t_"_.') dt . Ae

T

T
I we vow Re PLACe € BY o The INTeorALs ARE definiTe
ANd. hAve A finiTe vAwe which g —.8772. ThS Nember s
dehned To be C, eul€ER'S PUMbER. Thus we have Then
_— » ¢
d (€} = € -

ThE INTEGrAL |S LoeATIThMIC di1veRGENT And AT A rATE which
dePends oM The uvlLuve of €.

ﬂ'\e C:exy And  Scix) fomscnions ARE MNELesSAriLY
Lecaritpmicaly dwereawT for gmALL X aud hdve The LimiTivg
behfavior for SHALL X  OF

A C 1,781 X))
X

3]

C.x)

for SmALL X
Scx)

i

EuLER'S comsTANT C 1o dehned by The iNTEGraL
-
C:So 2 tex dx = .5772
or InN SERIES POTATION

c= Lo {ug_f;;ﬁ---*'; _,@ﬂ,]

n ->on

THERE ARE SEVERAL JMMER PROPERTIES of The gxrponNeNTIAL
Furncnod worTh ¥NowiNG !

G,

e [ E;(-ﬁ-)]

Sw e’ dx
x Ei¢x) - (i-¢e )

* xta

1

X
L E.(u)dx
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As ProbLEMS PROVE The FoLLOWINMG

— S:o o Pt SJ(%H dt (71’ __1_11&”—_3)

zp T %
And

S swwmt 4y | L [e"“ Lilm) - e”"E;c-w]
o P4 tt Z

The whole PoinT of Goine 8To A diScosSip N 0‘{ ThEeSE

SPECifL fomcTioNs 1S To be AbLE TO MANIPILATE AN

INTEGFAL
LIKE The Lower ome Above MTO

A torm whick CAM be cULBLVATEL
bY USIMG TADBLES. A Good Koowledoe of These fomcTioNs S
QUITE VvALOUADLE 1N worrKinG Problems.

Rs fnv EmfmpLE recAll
e had A Problen where we were T Had
o LS -bx
5 e - & dx
@ —x
This 18 easy To EvALUVATE tf we LT

€ 2@ ANd breax

1T OINTo
WO INTEG FALS 15,
_— v .q % -t
Tiae) = Se e "dx = Sae e dt _ _ bu(1781a€)
x 1
- where we LeT X: t/a

LiKE wrse,
Tebe) = (. o7bx
)2 e e T dy

. = An( 1781 b&)
S0 we have 8

" b
T Cae) - Tibe) - A (1,18} be) - dn (1.7810€) = /{’h( /Q,)

The MORE ¥ou LeAry The bETER Your ChAnces become of
STumblLide oM The fiGhT

wWhAY To 66T The puSWER, BUT Remember

To *ind The ANSWER. ThERE ARE JMmMed ATELY
MANY WAYS 10 G&eT The ShAMe ANSweRr,

ONE TheRE IS A wWAY

Now LeTs

sTud? The behAvioR of -~E;("X) FoR LARGE X
&5
Te START wWE AN INTEGrATE S

et dt by PARTS,

-t
—E{{-X) = ¢

t

[» ] ag ~ ‘{_
-t x o
Tetar s oL (e at
ok X x

weé hAave JusT Showd ThAT

o -t x
§7 e dt = Ei(-x) * &
.cb

NoTE€ HERe ThAT

X

bb



Now W& (AN INTEGrATE by PARTS AGAIN AN GET

“-X -3t x -t
FEitx) =& - el +Sg§ d+

X < -t3
WE CAM KeeP This UP Add weée will GeT A SERIES
which detives -~ Ei(-x),
~EJ(-R)Y = eﬁx ( -L -.-l?_.*._zm! --‘_3“'! +4i +~»---}
Observe ThAT The coetticvents ARe dpcrorials ANd TherREeoRe
for A GiIven X You (AN o TAR enoveh TWAT The SERIES

Wit UNMATELY diveRGEE., |1 YO0U BVER rAN ACrossS This
SERIES YOU Shovbd recoNit B vt AS -e' EC¢- x)

ELLIPTIC INTEGRALS

AROTRER  SPecifiL FUMCTION Whith 15 Good To KNOW s (ALLED
The ELLIPTHIC IMTEGTAL. AcTuALlY TwERE ARE SEVerAL Kinds oRl
CLASSES OF €LLVvPTiec IMTEGrALS.

The firsT Kind of £ LLIPTIC INTe6raLs s detied RS,

- b
Fek, @)= So de = U
T i-kbowt ¢
This MTEGCEAL 1§ NOT  Pos$SiIbLE To INTEGrATE N TErMmS o'i'
Ord iwARY FUNcTIONS buT rATHER INVOLVES TramscendAl funcTions.

The ELLIPTIC WTEGrAL of The stond Kinld 15 detived

) £4
E( /gl,(-?) 3 SO ’l”/&?ﬁo:&.?e} CJ@

ANd TME ELLIPTICL INTEGTrAL of Thée Third KiNd 1S de-Fm&cl
AS

AS

S‘? do

o Gimse] [ 1o
The +irsT Two Kinds of gLli1PTic NTEGTALS ARE MORE
FREQUENTLY ENCOUNTERED AnNd THEREFORE | woiLl DiSCUSS

TIhE M,
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Ong  SPeciAL CASE of The 1¥ kind ELLIPTIC INTEGTAL

15 Jor The case ohen C? vhries beTween O ANd T2,
Thas fovenion 1§ CALLEd K(fk]
L)
Kihy = (7= __d9

o .
) - k0wt
ELLIPTIC INTEGRAL,

ThiS 1S CALLED TheE COmMPLETE

OTheR Sorms oF The €LLiPTIC INTEGTALS MAY TEQUIRE
IN oRdEF TO feoNVEE. ONE

SING. The difierennat
So TmAT U = F(AR,§) becomes

svbsnTuiiod ofF VARIAbLES
ComMOM SubsTiTuTiOoM 1St -
SUbSMITUTION 1s d& = dt

Ti-tv
Sing
U - S dt

et iRt

obTAINEd bY ShifTiNG The

Furfer GENECALITY AN beé
scate of € soch AT wéE have

" = 5 dt
{at-ortt {or-drt"
OR. 1 FOLWROMIAL form
ek eE
rafbt scttedt’y et‘"

P =

I+ The vAriabLe oF INTE &Y ATION t 1S GrEATER Than
A QUAdrATIC Yoo ARg ouT of Lucik TrYyiNG TO CAST Theé
INTEGTALE IN eLliPTic foRM, MoweverR You Shouud TrY 7
CompLeTE The Sgoufte And see (1 The Powraomial witl fRcmoR.

INVEYSE ELLIPTIC HuncTions ARE vsed. In

Somemates The
@ i . The Trausformamon

Tvs NoTATION @ = f(u) And is CALLed
NS
EQUATENS ARE cos g = Cnew
3“1? s SniU

(i R=sww = dnev)

b8



You MAY be& wondernus WhAT &LtiPTic Funchons ARE 1M
The MATheMATICAL WOTld. You Kwnow ThAT TrioNoMETTIC funcTonS
Soch AS The SINE ANG COSINE Are Thwe SimpLesT Perodic Fowcnous
Feom wiich ALl 0Twmer common foncnons cav be expressed AS
MSErIES POTATIONS, EB.9 CXPONENTIALS., When OPEVATING 1IN ThE
comMPLEX PLANE The -FuleTonS SNLU) ANd Sniu) hAve The ProPerTY
of Bemo The  SIMPLEST DOUbLY PERIODIC FumCcTIONS wWhich
ARE AR TIC. They Theredore Hform The Base for TraNscendal
foncnows  Whickh AV be expressed (v TeErms ot swv) Avd

Cn(v). Thedse Are ULEry (NTECESTWE TONCTIONS To The HATWE MATIC AN,

IT 15 WorTw  discusSSING ProbLEmS whith INVOLUE
ELLIPTIC [INTGOYrALS $0 Y0oU GET A +eEL dor The APPELARANCE
N Physics And ERNGINEENING. OriiNvALLY They weRre USEd To
deTEYMING Thée  LENGTW of AN &LLIPSE, 1., ) TS PerineTER.

[N The ANALYSIS oFf A SwineING Pevdulum The GOVErMmNG
Difterenma L EQUATION IS

d'e -8 s

— = iN e

dt? %

The Period of osciLipnon 1S dePendenT oM The AMPLITUd €
of osuLlATIon. ONLY when 3SINE % 8 s The Period iIndepeident
of AmpuTvde. The Above differama  e@uamion 18 SoLved Throvrh
The vse of ELLIPNIC BITEGrALS.

Now becavse ALL This 1S VERY DorInG TO

LEARN HAbouT
Thegte SPeIAL FUNCTIONS 'Ll GIVE You AN

IMTERESTING PRDBLEM

where These weird funwions (omeé vp. This Problem whS Tound,

bY The wav AT TER The ANSWeER WAS KNOwWAK.

SUPPOSE | wWANT The meds of WO Numbers s$aAY ) And 9
WeLL, The AnNSwWer IS EASY . The ANMEeThMIC MEAN 1S 5. BuT, whiT!
WhAT AbouT The GeomeTric Means? IT 15 3. Whick 18 The
belMeR? Suppose | wanT

™e mean mefn of The Greffi MEAN.
Why woT TRKE The mMean

of 3 avd S which 15 47 Avd Then
The GEOMETCIC MeéAN (S 3.8 13,
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Now wWe canv KeeP GOING UNTIL weé 6eT WhAT 15 cALLED ThE
GAUSS's M EAN. ThiS MAY be CaLLEd ThiE AriMmeToesorerric
mead of TW O NUMBER M n. T Tures ouT ™Al This
tMERML 1S Given by

/2
Medy (mn) = =

m
5‘“:. do zK(Fl_E_;)

[+
{mes N0 TR coste

You wouold be hard Predsed T0 ASSoCIATE suceh A drH—ncuLT
FURLTION wiTh SuChh A SIMPLE 1464 AS COMPUTING A
Mead boT T 1§ Trueg,

BESDEL FUNCTIONS

To AMUSE You FOFThEr 1'LL 1NTROduUCE You To A New SeT
of SPeciAL FUNCTIONS 1IN A JdgeLess buT INTERESTING WAY.

Some OF You hAVE hepard of conwtTmuine FrACNONS, They
Ace of The dorm

2 + ' - X
2 4
2+ .4,
[ 2

. T4 -
Thés FrACNonN 1S of The form
- L
X = 2 + X

Which (s JUST A QUAIrATIC EQUAIONM 1IN X. Now wé AN
YACY The Rbhisath Re¢Thm ot The fracnioN by chAaNeING
The repenTive M b er S E‘g
| I — = X
2+ L
V + &
2+ |

Now The Adorm 13§ X = i+ 1+ X

{;,L B 2 +X
X
whith (S AGA A QuadY ATIC IN X, No mATER whaT
REPETMO™ PATTERN YOUu PLcK You Witk ALWAY S EMd vP
MTh A QUAIFrATIC RELATIONShp.

70



Now 1T 1S PossibLe To (ONSTrUCT A CONTINUING TACTION
Which dees moT  hAve The rhyThmic repeTimon of The Abové
ACADON.  Tne SIMPLEST NOW6e rpyThemme Frachion 1S The
JoLlowine |+ |

2+ 1
3+_1
4+ !
S+l
Fiuding The SormutA For This FracTidd 18 QUTE drf'%cub?j
iNfreT T heid VP The develLoPrEnT 0‘7[7!'1& fAonic bomb
WhilE we worked 1T ouT Wit considerabLe eflorT you

CAM Show The Above fracnod 1S &9 vAL To
-_ 2(: J—| C"’ Z‘J
Jo (-2¢)

Here The sPMbols d, ANd Jo reder To TReSSel 4 pNcmhons

50 weé 3Se& ThAT These SPec AL TUNCTIONS CAN be ReLATeD
To ORIINARY NUMDERS,

BessEL Tumncnons Are cle-;we-d AS Seti0ITE INTEGRALS
iN THE FolLLOowiMG MANNER

- 't
Jotvy = & 5 cos( Mt -vsint) dt
[24

N here & AN INTEG Er |NdeX WIiTh VvV beéING A VAMAbLE,
There Ate MANY WAYS TO EXPRENS The TResdet Fuuc:nou;
ONE MOre comMMoON whY 1S - ,
L "VCOS'C o mt
\Ta (-V) - "L.h e e C!‘t
TV 2 o
BESSEL FuninoNs APPEeAR. MANY TIMES wheN The INTEGML
INVOLVES The ProducT ot SINes And cosiMeS. A Lot D’{’
PhesitS ProbLEMS TURM OP T3es5EL -Smuc:nons; one beEING
iIN THE ANALYSIS of F ReQuenet MOdULATION. IN Tms ASE wé
have A/ TrAMSMIITED whve eived by A cos Ppit). The
Phase @ (t) 15 Time vATYwe As The (Arrier dreguency
ISHMOdULATEd bY The SloNfl Frequewce?, ¥, i.¢, The whve
{r&queu(.*{ s We + @ Ava (VL)

41



SNCE THE PhASE s ChANeiNne 1T dEPends on The INFANTEOUS

frequence?. We veed To sotve dy - wt) or
dt

C?'-—' wot T%wsﬂ

Thus The s16MAL 1S deseribed AS

A cos ( wot 1 %wsv“t’)

NOw we MiGWT ASK  wWhAT STreguency COMpoNENTS ARE ThERE
IN Ty wAVE i, WhAT Stde band freguencics

ARE CARRIED T We
MEED To evALURTE Thé INTEGTrAL

5 CO.S(Wof + %cosv‘f) eivtﬁ

To deTerming how mmuch of -?requmc# Vv 1S carried. Ths Then

s Av Ex Ampie of The use of A 0esSer fumchon.

WhegneVER The Probibem INVOLVES TWO DimenSionAL WAVE
ProPAGATON OF MOTION WESSeL Ffumcnons APPeAR. Such probtems

AS WATEY whAvEeS dRum hepd vibrnow mid ofher POOLLEMS [WVOLVING

CYLINGFICAL STMMETrY (NUoLve BOLVING WESSEL funcnions.

PRoPERTIES of BESSEL FUNCTIONS

I'd pow LIKE T discuss some of The POPERTIES of BESSEL

FUNCTIONS, The SimpiesT Jorm of The besser FomcTion Jwiv) i3

When The 19déx M=o ANd we hAve The Zero Order bessel fvnc’noﬂJ

i .
. 4 cVoos+
J;CV) = T 50 e ot

Tl'n,& ‘)’;I}"i ntl Avd n-t order bDESSEL 5’\”\)6'7‘01\35 i be relLATEd

Throveh A Fecursiond RELATIONShP of The form

Ndwcv) = Y [JWWJ * ]‘h_,(v)]

oR EXPressed ANOTHER wWHAY

:rn-nLV) = Zn J“CV} - \Thﬂ(-v)
|4

i we have A Table of To and J,
ALl hieher order bessel fumcriops by
formurh. This SAVES A LoT

Therefore Then wt have

VSiNG The AbovE
of WORK,

/L
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Some OTWER USEtOL ReELATIONSHIP oF BESSEL FUNCTIONS

The denvATive o3 The Qessel 4V NCTIOM 1S Givem by
4 T, W) o= Tav)
dv

by d’\ﬂeraﬂ;&tmc, under The INTEGFAL Sin we hive

Jntv) = %1_‘- g: (~ovt) SiM(nt-vemwt) dt

Ang bv Expandive The ProducT of The simes A% Tht ah'Hc—rc—»ce
S 2 cosines we AN WRITE

Jnv) = -2 [ Topav) - T ivd]

OTher Proferties of The derivafive of The TDESSEL Fonchosl
ARE "

2 Lvn Tuv] = v Jumicw)

[V Jy.CV)] \)yn.‘(V)
S Jovidv = - Tocv)
S v Jowv)dv = v J.,(v)

5 [ Jo (.V}JLVCJV = !2—_& EJ;CV) ‘f’jtz(‘/}]
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More OM BESSelL FUMNITIONS

LAST TIHME I OWAS DISCUsS ING BESSEL FUNCTIOMS And
Hed ENUMErATED S0ME oF The rFORE usetol RELATIONS MIPS
WORTh REMEMDERIMG., ThEY WERE"

[A .
Jacvy = L S o™t iveost
™ Je e

nJatvy = ,\?{ ( Ty 4 :l'.w')
J-\.-.'CVI = :J-V\-i -

Ressel fupcnons Appedr freguenTLY 1N PhY3ICS And ope of
The mMosT COMMON OLULENCES IS |9 The Fform ofF The SoLUuTon
To A drﬁerew’hﬁl_ EQuATION. Since The diferenminl E.Qufﬁ‘)om'
IS MPOrTANT IN PhYSICS  1'LL ATTEMPT To wWoRK A PRObLEM.

. SuPpose ThAT WAVES ARE PROPAGATING 1MSide A
eyLindEr of rADWS O, The WAYES sansty The whave
~<1_ D
EQuATION gWEN by
A T
V‘wP = E_LL %—%"L -
Whevre V' 15 The LAPLASIAN oPc—rﬁ-roR} !
T L . T
T T Ty
d 33
LeT me hrst comsider The cAse oF av mwhmiTe —

CYVINDER aNd ThE WAYES fAre TUNNING UP ANd down.,
I WANT 8 SOLvTION wHith 15 of The ForM

Yixy,3,t) = et Fex v 3)
id Twis SoluDON | AM LOOKING for A Sdlumoy wWiTh A deFrorre
Freqoency w. [ ALSO wANT A PAMCOLAR 3 TYAVELING WAVE
wWhich haS The ProPerTY AT The waLL IT Goes TO 2 ERO LE

Y=o At P= o For Convenience 1T 1S EASIER To WwWORK
_ IN PoLal COorDINMES DUE TO The SYMMETRY of The ProblLem,
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The SOLWTON  wWoolD be of The forn

Wt Py
Yokt et) = € et G (peosg, poing)
where | TrAassformed A AS oS mud Y AS Ps;u(p, Nowt
el TiiHECenNTIFTE ANd  GET The €QUMMION
g} Q'L - wl. _ v ~ 1
ax* ”aa")c" 2 -K)e 2 N6

A is soveTiMes 7B REFERRED TO AS THE E16eNVALVES of The
Difterennpl EQuUATION. Note if | had No 2 VARIATION Thew
Az9 . Now To 6o Former 1 MosT TRmstorm The Difterennt
OPETFTOR T POLAC COOYdi1NATES Or UArIABLLES @ And . Thas
TeanShemAnion 1S ACLonpished USING The chAne RULE !

2 < if 9 + Q_g S

Sx 2% A X AP
Wor kine Pse ThROVeh The ALGEBRA YIELDS The ResoLTT
1.
éf + §: = .é‘.k + —%- —a- - _Q_
ax T oy ¢t P TPt oyt

Nomce There Ave o SINES of WOSINES 1N Théeé &Qu ANON. TS 15 45
IT Shoold D& |, SINCe ThE Problem 1S SYMMETTIC ROUT 'ﬂ»es
Axs. Now we need To soLve The sqYdtion
EA 1
@___i_Crt ¢ 428 '*"Ir."’)_"(’z = A6
T ep Ptag
ASSuMING NOw Horm The MomenT AT A= /¢ Avd | have
No 2z uaRIAMON 1 Shal Ty A S0Lunon of The forM
s, ¢) = Fp) Py
TheRe 15 REALLY Mo oovd REASON WhY | 7YY This  SOLUTION
oTher Thaw | Know 1T wOrKS, However, IT 1S oMLY wWhen SPELIAL
Geomeavies PermiT ThAT SEPARATION gt UARIADLES S
WorPh TXY ING. WiTh | PLUG Tws SOLUTION INTD ThE Differasmat

tufimon 1 havE
¢(FN+LF) 4 F R =Wl FD
c ¢

Here's whéfe TeoPle AYQue A LITILE bLecAUSE WE will Diulde
Tarovoh bY F . 1 Goess 17'S OKAY To Do ThAT because

IT worksSt
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IF 1 DwiDEe Twroueh by FP 1| 66T

Fu + C‘/ )Ff N EI _ —‘83:'
F F,z.cp C

Now Here 18 AN INTERESTING PoOINT, ThE TWO TERMS oM
The LET Hive uNIQue PROPERTIES, The Term 1N F 1S oMLY
1 FomwcnoN of o while The TERw w 3 13 oMLY A
Funcnon of @. I PARTICOLAR P nusT be A veRY SPEURL
Funcnod which sANsfies The &QufmoN

?Ii
[
— - - N
k3
e
Where N IS Some  consTANT. The SQLunoN TO Twis EQuinIoN

1S JUST Ing —em ‘e

—_— -
dp)=e e o Pl =e
The MMOST GENENAL 3DLUTION would bg

$(9) = ASINng +Bcosng
The SoLuDoN MUST beE Perodic TheredorE N CANNGT be
LESS ThAw O OF I1MAGINAY The FuNcDow MusST Siisty The
PheSic AL CONSTYHINT ThAT Thés- wWheN You o Around Jp0°
fou MUST  have The SAme funchod 8.&,}1’00 MUST EAd The 5MAME
PRESSUre or DISPLALEMenwT,

Koowine The Sotuhon for @ The &guamon For F
CAV be SOLVEd,

Fi'(p) ?l; F'ip) -n° F(p) = - %’f F)
f

IT 15 CONVENIENT TO ChANGE The SCALE by LEMNG P75
soch ThAT F{/J) — f(*?n} ThEN WwWE cAJ WrITE

dJa) . 143 )T

d in -1 ny =

e nﬁnca n,,) () =o
Ty 15 Mow The  R3essel Funcndn oF The uariabie n And
QONSTYIITES A SOLUNON TO The Diterenmar £9udNIod,. Thus we
hove AS A COMPLETE SOLUTION

NP et (2
e e J ’

G = wir) €
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IN This SoLuTION The Bessel PunCTIoM TAKes ThE PLACE
of The SIMPLE SINE  COSINE VARIATION IN A DNE DIMEeNsIonaL
LA ProbLem. The Bessel FUNMMON 1S The T™WO DMENSIONAL

ANALOG oF T™E Swes Amd COSINES.

The Qesser fuNCNoNS HAVE SOmMe INTERESTING PROPERTIES
ANd WE Should TAKE A LooK AT Some of ThemM.

ThE SimpLesT WAVE or Mode of The Dessee Tunvenod
Does NOT DePevd on @ so! That nco. The H4usicnion Jo (1)

LeokS  LIKE ; ol

X Z.405 n
n= Ko =P(w/‘€.;{;)‘_i-¥ we ReQuIRE ¢ 20 AT p=0  Then  To(Xa)=d
IMpLIEs That K = .408/a Nows n(' Wi 1y LESST AW 2.\105’/0»
The EXPONENTIARL 1y NeoATNEG ANd TeaL ANA The WAYE Wil
MoT  PROPAGATE |NTo The Pipe. DM The OMerhaud tf The
Negueantt 15 hish &bueh | The whve GETS Trans~ITTED.

N The chse of A Drom head Ky o fwd ™E ArsT pivat.
fReguent? 15 W= 2.908 ¢ . Hibhe frequenties CorresPond TO

hioher Ordér Zecoes %*p The RESeL FundON. The rooTs ARE

NoT 1IN An? SimPLe mewTiste  redmnship Therefere The

NoTes fvom A drum ARE mOT  meiodivs. A PICTURe 0§ The
£15T 3 r0des of The 2ero ordér bessel forncmod ARE:

The + DesoTes AN
UpWArd mMOTION ;-
DendTES A dowpwacrd
MONION. The DASK LINES
DENITE MNOdES

The lowesT ™Mode oF The FirsT order Ressel Funeno
INVOLVES A @ dependENce imid VAVES A5 CosS P s
I(Kﬂ)

Ju¢ x!.-a )
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The NEXT TWO moDes of 3. Loor LIKE

We wWhNT TO [NVESTIGATE SOME MORE PROPERTIES OF The
Ressel fonverion, Taiv)

_ 1 vt (Veost
Jetvy = L e e dt
2T o

Lets comnsider The RehAvior CnL Jniv) ‘r‘or SMALL V.
dveost

To Proceed We'tL EXRPANA ¢ AS f Power Sérigs,
BLso 1'LL JuST Do Jolv) “Jor Now.
~ LN .
Jo(V) _ ,LB ( o voosl dt
A b
2 A
= 4 d ¢ V&COS&'& Jdt
LT h % —F

kbl
g A jb cos*t dt

Mow | don'T Know how TO IRTEGrATE The JURCTNON cosk-t,
BT 1L See f 1 updersmand 1T Tecm by Term

k. coskt S:ﬁ costt de

° l 2n

| cost o

A costt 1

3 ot o

4 costt T

a
WELL 1T 100KS LIKE IMAY be AbLe TO SOLVE TS, )| ALready

KNow A musT  be evenw OTherwise The NTEGrAL EQUAL TETD,

Therefore AeT h=24; L bawe v ivTecer. Now 1 WAYT TO

INTCrATE S COSZ t dt Rep LACE The cosiNg bY ExpoNanis
=]

%}5 :n [ egt Te.;‘tl e

dt,
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Now we waNT T9 WAITE The 1INTEGrAvd AS

\ 2 At —zc‘(,@-—;)‘f‘ +1£{-J
73 e + € e

Ad VSe The TDBINOMIAL Theprem which SAYS

s oot =g mixReS
24 2t fo CVI'-/E.’.)}. /}2{
Where X e And . 4 no
we Now  Méed 5':’“ et dy - 1 et I:ﬂ =0 ' neo
LEMTMNING The CENTARL Torm (n ”n:‘(; wpﬁrdstoﬂzw
IR 3
Ak g
(A |
: ; £
Thus (1) v Et) 2 _ 0 "(LY
otv) = T CCY gt 2 T G (3
2oyt 2oL . x'!%*.
¥ v
- - ) - )
b i} 3431

This SEFIES QehAves AS A COSINE funcnhon.

GENERALIING Th1S RESOLT T0 The dE orden Qessetl
Funihon 18

—_ r T L 4 {
Jwv) = }n— M lv} - V) +(V/-L) » (\72')

2 n!

+..

M+ 2 (nb)niz] 3 (e )(ne3)
Soe fr WE have ONLY DEALT WITh (1JTERER VALUES

of n buT LeT’s NOW ASK WhAT 1 ;=i Thed WhAT IS Ty, vd?

Well imrediATelY wé have ookl € bectise we doN'T Kusw

what (2)} 1S, BuT dmmmw The TRPEDoes ThAT 1S oty A

scﬁteh-cma; LET'S G0 Ahead ANd LeT Nl Md See whAaT
wE }\ﬁvg’

J!;L{V} = _Y-:_,-L )7' - --—-—-]\"rl + w———vq - _—#——\/L
1 } *
2 (%) 1°0R) 292G 2e3R)E)E)

The DEMONINATORS (AN be REBTANGED Suth ThAT WE hive

j—'h,{v) - v e [ ]-— ..,\./_L -j-__\d "'_Y_.L + -
fZ(h)! 3! 5! 7!
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The SERIES 1S JUST The SINV S0 we hAVE wiThisd
A CONSTANT SiNV

J_'/;,(.V) = =
The conSTANT  TUrNS 00T TO be I~F/ﬂ_ ISK'T 4T MMATING
TRAT Jijy (v) WINS 0T TO be Such A Simple oprdiwAry
fuN cnon  AFIET LU This MiGher MATheMANCAL hokvs POKUS.
Mote forer ThAT Sivce we hAave A Yecursion formutn

ThAT WE AW (OMPUTE J4 (W) And OTHER walf ordere
f3esseL fuNenons.

METhod of STeePesT DEScenNT

| vexT WANT TO LK AbouT The behavior o{‘

The besser fumenod for LAVGE V. Twis 15 AR INTERESTING
CASE ANd BEAUSE WE AGAIN have To ExPhd  AS
A PowEr SERIES boT MOW be cAREPL 1N which T&MMS
We KeepP., We witl USe A HMeThod ofF INTEGT ATIOHM
which 1§ very usePl called The METWOd of STEEPEST
DECENT.

o The Idea 1S INVOLVED WwWiTh AN INTEGrAL LiKE
S%‘”te”“"“dt where v mAY be 10,000 or MORE,

Now the Junchov oOSiILLATES LiKe hell fnNd MNever

GETS ANYWhere, |IT 1S 8OLY When INTEGFATING Thro ush

A SMALL rAvee of 1+ WHERE The Phase 1S NOT Chionds

SO0 RAPIDLY ThAT The 1INTEGraL hAS A chfxNce 7o

AP OUNT To AVY MG . The foMcTioNMd ™AY Look LIKE
=] f—" Rewlon of dlow Phase chmioe.

|5  giﬂ/ KK

il UUW‘JJ;?

We hive Ten The inTeoraL | Y Ut Where put) =

n €t Vst fud weE WAST TO Kuow where ¢ IS A

MAX or miM. YT 1S oMLY AT The exXTrémum ThlT ThE INTEGrAL

CAV AmouNT T© ANYThiNG . Thvs Wé widT  @'lte) 20 where

to 1S The TiME The PhASE 1S NoT ChANGING,
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DIHERMDATING  Pf) And soLvive dor o
vSinte +n = 0

4o = SIN z;r-_\t}.

LET Mé& o Over This AGHAN il A MORE énéeralL MANNER
SINte 1T 1S MPORTAMT. Soppost | wANT

. 5] L‘A¢’{-t’)
T = A
o L Glt)e dt
where GLt) A 15 ANY SMMOOTW FumCNION 0'f t.
o Vo — Crit]
S e ey
T

Now we winT  Olt) sxpmided fis & Power seried AbouT 1o
pLe) = Glte) 4 (t-to) §'lte) 4 (Eta)" 'l to)

wWhege o M€ Qo] 0. SUbSPTUTING b;CK wro T
T - Setfoj oA Btta) ecxcp"uo)cf_-go)l Je

. 1t . 2
The EXPONENTI AL e"“q) tto] Lt%") IS A GAUSSIAVY OSCHLATOR
Md hAas e charACTER

catt
{ &7 dt - 1%
Hee oA = -cx 9. Thew AS fiw APPROXIMATION
o CAQLt) + X Pte)
S#@ GLtle di » @))€

‘nt i) h @)
N our CASE G:=e' A=V RAnd ¢= cost
Wi te = © or 2w, G{ {tc) = 4 , @"Hu)? -1

tn cmt (veost xY;
Sn e " e dt = 1 et - A sy — SINV
fv Tv v

b several mARIMAR Thew vou JusT Sum Up
fitl e COopTRIbuTIONS -
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MORE OM THE METHOD oF STATIONARY PHASE

LAST TMEe we WERE Try M6 To Find The behAvieRr

L A Fit) .
of The INTEGrAL fiy e’ dt  for LAree vALLES ot A.
IM PARDCOLAT The INTEGrAL wWAS The Resser funchon,
l‘VCOS‘{‘ t.h't‘
In(vj = _"_"h e e dt
Nk

~-gtoy
The ufrABLE v 1S The LATse wAtiaAbLE A gud WE Afe 1n7e RESTED
I whAT The vAtve of The INTEGTAL 1S. The ONLY TIHME
The INTEGRAL AMOVATS TO ANY Thine 1S When The PhASE
1S ConSsTHNT OF SAHD MAThemATICALLY  whao

(veost) = o

[ B
e

T™Tmis condIMoN (MPLIES ThAt vSintso or T=0 or 1.

SINCE The INTEGrAL ONMLY CONTTIDUTES NEAR t:-o wWE
ey ExpAvd  cast AS - 1Yz Thes
i-6° .
iv ""’"111 ‘int
e e e JT
ST
Here The INTECOGrAMON  LIMITS hAve beEn Adyusteéd SO w4
pon'T  hAVE TO worryY AbouT The fvmtnom newhT AT t:= 0.

int ina

4 we wow ApproximAIE € % ¢ =) Add TechLL
w0 -t
f € dt =
WE Thew have

cv e ovty v tv -dn
ej- e/tdtreﬁ=e€{qﬁ§

LV

<

Now We HAVE TO be chrefull bE The PWTEGrAL From -0 o +m

CONTOING ALL ThE TiMes whéen The PhASE STOPS  (MNGING ANd wE
oMLY WANT ONE CYCLE, The fumcTion LooKS  LIKE

- 3 ol

SRR | : AANAA DR ] ’

t =0 A
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WE HRVE TO EVALUATE The INTEGFAL AT 1= 1 Now. T
do That we ExPmMd for & shorT PhASE Aneie, T, AbooT N, 1L

reriAce € by R+ 7 ANd exPAud  cost = cos(ri+?) = —cos?
SiNEe T 1S SMALL €EXpANd ThE CoSINE TO $r3T ordeR

~cost = - (1 “'ZZ__) = -1+ T
FUBSTITUTING  (NTO The INTEGrAaL

tveost int iv(-1+ 7Y, Tny
S e e dt = 5 e 72 e dt
ThiS INTEGCAL (AW bhe evALUMEL find 1S EQULUAL To

e-&v][%f erlri’/Jli eihﬂ

Mow we hAvE To boT ALL Twis STt Tosé&Ther

o v T ~V 44T im
Jaivy = _t. { u 21 9
—w V7 € e F (¥ e e o
_f.'n]'rh-

WE LAY W TE __Ln = , briNg This 1070 The brAwkeT, Potl
&
oot My And we have

IV _onitiy —ow -tV  iny 1":“14
Jacv) = _L e e e 4 e e e
v

The EXPression IN TheE BrACKET 15 JUST 2¢o0S (V-"-%f-“/q) S0
we have For A FINAL EXPressSioN

T . Z/Ico v-nrl_o
JnCVJ_.J;; s sC 5 q) FoR  LARGE V

we Shoold STOP HERE To DISCUSS AN ThE PhYSICAL
MEANING oF The SoLeTod we hive JusT obTma [N GepérAl
The BESSEL fpcnons APpedar 1IN The sotumion of A Two pimewn-
SIONAL wWhAve ProPAGATION Problem. We have Sowved for
The ouTwoing WAV E COMPINENT. The Two dimensiondtL
WAVE ENGRGY FLOWING Throveh ~ Ever® CRLLE MUST bE
INVerselY ProPOrMOp AL To The Rapius of The CIReLe . Thus

The oethuewT .1/7\; Gives The coRRecT fmpliTud €

decremenT TO0 Produdced The CorvecT EN ereY Decrédse AS
Twée WABVE PrOoPRGATES ouT.
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The DMENSION LESS UATIAbLE VIS reLAaTeEd TO The radivs

¥ AS WV = %n, or v‘:/fin. where /f’c”—"-a;v 2 WAVE NUmMber
ANd A 1Y The WAHAVE LENGTh,

A Good QUESTION TO TAISE 15 tHOow Do You KMNOW WhEN ThE
APPROXIMATION, |7 will TUrN OUT ThAT The TYANSIMION FROM SMALL

v To LARGE V ANd Twe floove ASYMPTONC bLehavior
REGION of V 7 N. Nowever | To

5 To EXPMH Cost  -feo
AT The

otcury IM The
STRAGKTForwAvd wAY o Go

ReEXT hibher ordér TeRmM And Look
MALMITUdE  OF The CONECTION TERM,

Expanding  cost o

hioher order We hAVE | - -t‘“/zq
Then

Vet fv Lyt +evtify {nt
e = e e t e t nt |

EXPANdING The LAST TWO EXPONeVNALS

h LAY .
e f e avt! yone -t )de
tq (A
| GWES US The PRevious resulT, Iint AU AGES To ZERD, Now
we need To EVALVATE 5 tle® dt  aud S tt e"’H dt.

SiNCe Se”“ dt = )(?r'o< pDifferenTirmne we 6eT

~&tL N Kt
Stle“t dt = 11 mid )ft‘e Tdt - éﬁs”,"
2'0(3!1, 4 X
Where & = &V . Now The T Term 1S Y SmALLer

™A Tme  IST order term And 19 s 3,4 SMALLER. Cotlenne
Terms The INTEGrAL

" oV F;;': i Lv 3 — nl Mi_ —l
T e il P = — .

cV {' Lo+t 74 "4 [“VVQ) T 2}
= E‘Lvﬁ [: 1+ 3 & + "'.“_'.‘..3‘

14 4 v 2V

MoTe TwAT DOTR COTCECTION TERMS ATe

of Thew order '/V
fd Ay Ther edure be (oMb Ined. Tw (V)

15 Then GveN by
- Jz ! -y U s L Anz ot COSINE
Jniv) 4_“ v Cos (Vv ¥ q) v { )
Now You have 1o coMPARE TeRNS TU Sce i The Second ope
{5 MPOTTANT.

BY



You MaY hAve ThouehT T Pecol AY ThAT | KEPT TEHS
in vl AN Mo oThers Except nt5. | DID ThAT becAvsE
AS VIS LARGE  t x YIg . Then vyttt v I

4 T
ANd Mt <« nt. | hive INTEWGEwTLY KepT VY Al mne

<

RiehT TEYMS.

To SE€E hous TMIS  APPIOXIMATION coAN WORK LeTs TAKE The
Jolv) besser fupcheN Mvd oM PUTe The -hrst ro0T USING The
frogve APPrOXIMATN . For The COSINE TO Re © WE WAVT The
AeumenT To be W e, V =Ty = Mo ov 30 o= .38,
Tis comprgs wiTh The ACTURL rooT ot 2,405, The pNEXT
Yoot PEQUITES V- g = 3W/y , v = §.50 AS comMpAveEd wWiTh
§$.520. AT The Third rooT woold be APproxtmATELY $2.751
* B8.650 comPpAREd wWiTh 8. 654 ACTUAWY, Dnce The FirsT
2evro AProxiMATION (S MADE |, The rooTS ARE Good TO
Wit A i %0,

LET'S Now CONSIDER ANOTRER CASE of CoMPUTENG HiohlY
OSCILLATIRY  INTEGYALS . This Time we'tl tOnmsIder only REAL
CyponenTs find forThecmore  We'LL SUPPOSE The Fun(NoN hAS
N MAXIMA 1IN ThE TrANGe ©O0F INTEGrATION. Now do wé
(oMpute The UMUVE of The INTEGrALT

4
Eonsider The INTEGrAL Sm e_{ml'»d‘x. 4 we¢
! 1

PLOT This FUNCIION 1T took$S LIKE! ”
WE WILL EVALUARTE T™he 1DTEGrAL WheRE fex) *
The TURNCTION 1S blewesT And ThAT will -1 __Qfﬂ
be AT 1 ONg EnNd ©f The OTher of \/ pix Y
IWTEGY AMON. 1N Thwis FuNcTion welltl LeT

¥ =1, E"W 1S Thew e-rz,\ fimd ™S MM b e

fvery SMALL v ALVE buT STILL ITS The ONLY CONTTHIBVNMION
worha ANYThinNeG.
WE wiltlt Now ExPANd ABOOT X =1 ¢ Leg X= Ity
where ¥ 1S A SMALL Number . The IMTEerrL bewomes
el TA iy ey
e dy

SO L+ o)
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RPProxiMATING TWE INTEGYAL

AL =AY ML Te Y
Sm e "t 1y L e e ™ {
° 3 z ) ¢
The INTEGIANG 1S A dVInG EXPONENTIAL THhAT DoesNE
ReEQUIRE MuUch ¥ to KILL 1T, So we hAave AS AN
AP proN i ATO N
w - MMt -z R
5, e . dx = £
Pex® Y3 A
' should PowT OUT ThAT L (ostv -4 -Tg) s

The STAV3ING WHve SoLuTiOow T ThE W'Dl‘f"f’f‘fmﬂl. €Q UATIOM.

P Shouid hAve Two SOLUTIONS . The OThER 1S The il“\} sw(v-ng-»%)
Avd TS SoLumon INWVdey Sources AT Thée orRieIN. This
oTher SoLvToN IS CAled The Nevmaw funcTion mdd we Shoold
DISCUSS 1T NIw,

NeUMAN'S  FUNCTIONS

FrRomM Thée BRESSEL FunemonN Debwihon The differenTiAl

SN I e L 34" T o

The solwTioNn @ = AJniv) WAS ObTmived for cpses

of NON SiNGOLAMTIES AT The OTieN. 1§ Thé Solumop
CoNTAINS SINGULARIMES AT The ORJGIN, The N The oTher
sotuTion S BT wiV)., The mpLeTe SOLUnon of
DIFErenMAL €EQUATION IS A LINEAR OnbiNAMON o The

T d SOLUTIONS 1§
(P = AJNLV} T ’BT-n(V}

M IS Al INTEGER Thenw JTnr) Aud Foniv) foncTions
ARE TELATED BY T™hée RELAMOMShIP

In (V) = ('l)“ Tom V) for N [NTEGER
The Pevmin funchod 1S Dehned in Terms of The vAriabLe %

Nplv) siNpl = Jplv) cospri = Jopv)
for €veEry P NOT INTEGET.

Bo



NwiV) i35 JusST The OThobORAL SBLUTION TU Thé
Ditherennfy EGUATION. THEY ObLEY The SAME recursioN
RELANONS AS The Jn(vi'S. The zeroTh Order Neumad
PNCnoN IS

Now) = Adnev) Jotv) + M"_VE (1) yvi(1+147)
4 2yt — i
2t 496

NotV) conTHINS R LOGATIThMIC Diverseucte pt V= O, The
wo USEFUL  recursion TOYMPILAS AR €

Nn' = Nuatt ‘-?,Hh
Moo evy Jpivy - Nptv) Tpoi(v) = %

A
Fe asvmpromc sotoTion of  Nwtv) s {2, SIN(F V- - 1)
A coupLe MORE REUAMONShips 9

i o}
No (x) = -.% L oS (xcoshu) do

Jo (x) = 2 (%
o (X) 7 go Siw Cx coshu) du

HANKEL  ber |, bei Fuwnwcmows

The AMRE S EVERAL MORE TupnCTIONS CLOSELY RELATED TO
Resser fomncnons which Are seea TReguewTL?. The? ARE
ALL foRmed by LINEAR combivAMoNs oF The T's ANd Nl

The Hawkel funcnion MumMber 1 1S Dehwved 85

s ' ‘ ASPMPTOT 1 L
Ho vy = Jocv) + L Npy) ASPmprOTIC . £
P P P for m ™
wvd ri.’
25 Hopov) + Tacv) - ¢ Nacy) 5 e

SoMETIMES The BESSeL FuncTion |§ Expressed in Tt':rnsr“’
of A compLex VARIALLE 10 which case

Jo (AT X) = berx 4 ¢beiy

Ber Aud Bee ATE JUST Thé Remy d IMAGINARY PARTS oF The @essel
SUNCTION.
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GENERATING FUNCLTIONS

I'd LIKE TO TALK AbouT GENErATING FNIMONS NowW.
CENETING FUNNONS  Afe €SSENTIALLY SeQuences of Tonvenows

Like To, T, ,72, T3  eTc. ONE fomncnon ConTmns dil of The
R Essel FUNCTIONS.

To see 1+ we cav devetore A HEVERATING FuncTiod
for Tae GQESSEL FUNCTION. LET'S suppose The @esSsel TUNCTIONS

PSATISFY The TOLLOWING TWO RELATIONSHIPS

rIwev) =L (Tnp + Tan) ()

o' = -4 (Tns - Tn-r) (2)

Let Fii,v) be The GeverATNG TUNTIonw which 1s defived
A Fetv) = Z t° datv) (3)

This dehwoinoy SAYS F FCT,v) 1S Expavded A5 power Series
N T Thew The octhcienTs are The Gesser FUNCIONS,

LET IS Try fud  S€€ 1+ This dehwimos worRKS., HULTIPLY
£Q, (1) Above by 1" And Sum Ver n, ¢

Ent"Jav) = X 177, vy + Y 1" Ta-i (v

n L T
WE Need A WAY TO expResS The SERIS IN Terms of F. o Lells
(3) by t  pvd  MULTIFLY by 1§,

t Fv) = Z nt"Jniv)

3T
Nd from Above
oF - VvV / |
t = Z_C? rt) Fitv)
PROCEEdING T SOLve This TrfferewmAL €QuATNOY
dF _
ot T L FCIatt) - JF > ¥ttt
or v =V dit- %)
Fety) =Ae (70 ¢
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A 1s & cousTANT of INTEGRATION AS FAR AS + Goes,
B couLd be B FfuucTion ot V- We yeed To sorve Sor AWV
Ler'S solve Tn' = =2 ( Tnai = Tn-t) B mOLMPLY NG by "
Avd  SummaNG

Tt"Jn = -2 £ T 455 100
o U= - -t) Pl
-V Yo -t
Elev)s cuy e e /

The CONSTANT C can be A Tonwthon ot 1. Mowever Since
The Two FUNCNIORS MUST AGREE The SCALE hAs been chaséu
sucth TWAT C <=A=A Md The FinaL Resotr IS

§ 4R Ty - @A LEYE)

n:-o0

NOTE TWAT T™e PpowerR EXPANSION CfiungT be 1y Terms of t-Jp

vd TS SEEMS INCONSISTEVT WITh ocur STARTING ASS umpPNION.
I 1S WECessARY to ExpAnd €5 AN € SePArATELY AS The
SUMMATION ruNS from - to tov. TheexpAnsioy has An
ESSevnaL SIMGULARITY AT © AT 00,

v/-];:’ S€c 1 TmisS G ENE ATING TUNCTION WORKS LET mMe EXpmud
..It
g’ ) AS A DovbLeE SETIES
Vi Lt Y VAL U A vk 1
& = E—('f,] nt% %(L) Zlﬁi—%‘h’
LeT's compuTe Jo‘ng n=0., To T Jsa N musT egufil /FZ
SThevwise ALL Tme OMer TERMS CAT EACH OTher

v - * 1 T
e g X e - ? (%)

[N

v )

9 l e!

Ad 1T workS. T ¢’
[T 1S very INTEFESTING ThaT e 6EOErAMPG Fopcnon
LA Look 50 SimPLe bv T GT Twhe SAME TiVe REPRESENT
SUCh A COMPLICATES TuncTion, GENERAMN 6 FUNCTOMS

e very VSEfuL when RELUrSIVE RELATIONShiPS APPEAR.

SupPPesE t- CLO som&E CLOMPLEXY Number Then The
GENEAMN G TumtTion DeLomes

e - v (ng
e e _ef) e L Ty 13 e Jatv)
nro

om o h
LVsiND — + Z etho C'I) J\'\(V)
= Jo + ZZ St e \Jh{.V} nyo
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The Poisson DiSTRibVTION

-~ ANOThER. EXAMPLE oF A GENECATING FURNCTION -

IV oTher To €sTablisth The deA of A GenerANNG TONCTION

W vour mMind LET me Go Throveh Ao Thér INTEETING X AMPLE.
The GAMPLE INVOLVES ThEe DevéLoPMenT ot The Poisgy DiSTribuliond
Fumcnhon. As Yoo mAY RecAtl This fumehon 1§ used o Finad The
ProbadiLITY of ObS&ruwe & gerfrmn NUMmber of EVENTS 1IN A GIVEN
e INTERVAL T

The &/enT ocur AT MAnNdorm ANd  ATE STATISCALWLY IND Penden T
oF gach OTWER | \whiLe N ACTLAL PracTice A LoT OF SvenT Depend
ON eAch oMwer 1N SUbTLE ANd  OMPLICATED WAYS , We ShaLl
Cousider The follow €XAMPLE AS AN IDEAL ONE. Suppose we
WANT TO  CALCULATEL The number of FMN DROPS ALLING BN
A cermmn SQUARE FooT o PAVEMEST v A GIVEN TIME INTEVAL

+. WhAT 15 Tre Probabilyty §7 Drors  will FALL 18 This Time
INTEfVAL

We whanT To Find The ProbAbiLiTY | Pr(T), of ecmwne
A LU nTS 8 The NTevuaL oF Tme T, Now we Need Sopig
MepsuRe ofF ™e rate AT which The OUNTS ARE ollurrinG

PEr SecoN®D, LET UsS AL TS Auerpes Numbe of counTd PR

Seond K, v dT the ProbAabAITY of AV &EnT 18 ProPorTIoNfAL

To d7T by o, ;¥ 47T 18 7o SkOrT’T}\hJ NOo  EveuT will Otcur,

A Measure oF how Lone You whT BETWEEN EYENTS IS on The
otder ol Yk

Now wé wWhAnNT To CALCULATE The PrObADILITY ot & counTs
owvr (N The NME intervAt T + AT. ThiS 1S WRITTEN

Pe(Trar) = (1- «dt)PetT) + o dt Prai (T)

This 15 The Sum of Twe ProbADILITIES ot The TWOo MUIVALLY EXCLusIvE

EVENTS: ThAT R BVENTS have octurred W T ANd NONe occur 1n AT

Avd ThaT k-1 events owurred 1IN T Ad | EvenT 8 AT, KdT
1S The ProbAbtLITY ON 1| evendT v T 80 1=ddT 15 The
ProDADILITY OF NO "BEvemwTs 1N dT

. PalT) 18 The ProbAbiuiTY
You h#Ad R EVeNTS IN Tite T
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BY ExPAN INe The

LetT hfind SIDe | PalT+AT) wt
have

Pa(T) v dt dPlT) o Palr) - oLdT Gr(T) » T Phar)
dt

PN The O order ™€ - Two Sipes wusT RGREE fANd 1w The
1L ord &r WE réQuire They F;c:.reej’rhcrc—«forc— WE hpve ﬁD,-HefmﬁL

fFQUANON 1N ?&t‘r},w%
d PalT) - K Prlt) 4 o Pro (7)
d1T

WeE mMUuST SoLVE Twis Shries of DifftresmaL egufmowns, Nonce
T™he Ph(T) ™ APPEARS 1IN A TECUrSIoM R ELATIONShIP wiTh Ph-
Thus wheverer Ty W APPEVS we ShoolLd CALL 1N A GENGRAMNG
fonaon TO hetp OS ALONG: We wanT To Define A FUNChoN
FO 1) which has The ProPermy Whew 1T 15 exPANded N A

power Senes of X, The weffic1euTs TUrN OuT Jo be Thé Triv'o
SAD MATWEMATILALLY wWE wourd

LIXE
® &
Fix,t) = 2 X% PrlT)
A0
tf we MUTIPLY The Above EQUATION by A% And sun over
ALL & Thed wWE have o
- @
Zxk dPh L J XX AM R o E xR Py
feo at o A=)

Yoo witl poTice The Second Term o8 The RI6hT 1S STARTED AT

R=1 aame Thew K=o, This 15 BecAuse Physicatry P, s dehrad
To be TEvo, The men TERM 1S MEMIINGLESS SO weé WLl peore T,
Thus USING The definimow for The oevermminG funpcnon we have
(xt -
3 :";’ = - A FOXT) + ax FUX, 1) = -k (-X)F
This 1S EASY To SoLve .

T JOST
cali-xyT
FoT) = C e ™™

HERE AGM® WE hAve To weorry AbooT The consSTANT C. This
1S A CONSTANT whiTh resPect To T 50

W GENET AL
be A fovenon 0'{' X .

1T coutd
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IM ORDER -JU TDETermweE WhAT The CONSTANT Should
bE LET'S ExAMINE The SPELRL PROPERTIES oF FUX,T)
whith Afe TELATED TO The Phesics ot The Problem. Comsider

Time, T=0 ThEN  F(Xx,0)= C(X), AT Te= O TheRe
14 100%%0 ProbAbiLITY ot 2Zgro COUNTS DCCuUYrinG, Thus
Poco) = |. The ProbabiLiTy ©OF 1| 0R MORE &venTs

OcLUMYING AT T =0 Afe ALL 2ERO 1L Pied):o }'P;,w)roje*rc.
Therefore wE ™MUsT ReQuiRe TwAT

Frno)= 2 x’{z Prio) = | = ()
Tws  FX,T) = g *¢"0T
I wouLD MNOWw LIKE To Show YOU how To RELOVER
The Pe(Tl's by ExPANdING FIXT) AS A Power SER|ES
IN X, To RBEGIM LeT Yt WRITE

T
FCX,T) = e 2T ™"
Exprrdile ThE EXPONENTIAL, o k
Fex,T) = e X (T‘MT)
f /?7_-—9 E
Theretore we have deduced
b ~xT
Pr(T) = (A7) e
R

I'd Now LIKE TO TRLX AbaouT The Physics of This
fopenont . FIST T Shoovtd He True ThAT The Probftbhiuiry’

ot ALL EVESTS shoutd ADo WP TO ) I E
a0
X2 - T
-0 Avzo fo

And T Do€S. Now 7o obTAd ThE MEAN Number of counTs, N}
L MUST CompPuTE ¥ 4 Py 1) L

N: 5 pPutt) = L J'z%zﬂ‘ a7
|

! - k-1 -
since kL 1 we ke Fo@nt T g amEn ¢

SN Y (k-1}! (k-1)!
ANd by rebedivoine ki = A ANd SUMMING WE hAvE

N= AT
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UTWITY oF The Gt AMInG FON OO

To POWT ©CUT Sowme
N UNderSTAND 1N The
RESOLTS. LETS RewriTe  FixT) = g *0NT _ 5 &
: ) = 2 X5 PalT).

15 ThisS were BoT  SULK Av 6Agy TUNCTION TO EXPAVD 1N TE&HS
oF X we (ould STILL ChecK To See f T 18 correcT €.6.

The ProbabiiTY 0f 100°% 15 JosST X= 1t ovr FO,T)= @°=1,
The Mem) A be OmMPUTED From it erenTiATING F wiTh
Avd BvaLumING AT X<

BEVORE | GO ©O8 1 oulD e

respect T X

S FOx,T) | © k- -
— = Z.,R%k’?),h - 7 kxR o
AR Ry « X
— TR {-X)T .
= Al & = AT = N

To COMPUTE ThEe MEAND SQUARE OF ThE numbeR wE Wi
T R PR (T) = nem Squire

IT 1S EASIEr TO RrsT OMPITE The WEAN SQUATE NineS The

MeEmd SINCE N N 2
Q'F L RCk-)PalT) = (a1) 5 o&F = N*tN
AAY

[} ]

Now ¥ The ™MeEAV Numbder o4 coumnTs 1s N Then
WTEYVAL we E€EXPECT TO GE&T
NE e
TR
The ProBAabIiLITY of GETTING NO  counTS 1S JUST e_N, Thus
The PObABILITY DIES BRPoNeTISLLY AS N. AT The DTher
gexTreme Jor VERY LARGE N Thé Probabitimy DISTIIbUTION

Cin be  APPROXIMATED USING The cFﬂ-CT ThaT

IN A WY Time

AL x AWk (/FL) for laree &
21 15 ASSUMED LArGE SNt N 1§ LAMGE MPYING A LOT of €veuTs
SCCUYNING . Then we hAave .
B | Ney® -8 | N '&ew”‘
Pr = MNTe > ("}L' e = = (&)
A it [zrj.{t
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e wRITE Ty AS Y,
i l -NT’?’LT*/Q"'\(_:FL)

P - A
{2k
ThisS Curve LooWrS LiIKE

P

{
N A =
The mtoamfe Occurs a7 H=s k=N . | witl &xpAnd P abouT

N by Ltemimoe k= N+XL Where X 1s A * or -~ smALL
NUMBDER

18 + {,Hfi),@h(ﬁ%‘a)

!
Ph = (N ,
Nows R».«J:J_ = —/Em(!“r-;%) g —-_K +i£ + hieher
A N 2 NE 0 (d &R
SODSTIVING  bACTK 1N e
- 1 A Z
Pr- | o L+ )% + 4 w-) } euﬂ/wu
farn " Tann
Thus ©r 1S APPOXIMATED &S A GAUSSIAN MNeAr The M e
- o i
’P,h_‘:.' Y e (ﬂfﬁ
fin

The widTh 0F The GAUSSIAN 1S PeoPormoNAL TO AN .
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GAMMA TUNCTION

I Now  WHNTT T9 TALK fibouT MIOThER SPecr AL Funanos
Which 1S ENCOUNTERED FREQUENTLY - The 6AMMA FUNCTION.
The & AMMA FunehioN 1S COMMONLY USEd whéd NOMINTEGRAL

FACTOUALS ARL ENWUNTERED. FACTORIALS ARE NORE COSTOMEN ALLY
defived for INTEGEr UALues of M. ThE FOLLOWIN & D& Fimmon of

ThE GAMMA FUNCTION | ADOPTED
L% o]
— ] - n -%
Uidnt) = m! = So x € dx N »0

The INTEGrAL (S NDT DEFINED FOR M 2¢O S0 The fibove dehnimow

APPLIES onwy for Mo,
To PROVE The INTEGMAL RESVLTS 1IN The FACTORIAL RECALL

Ty ST ehux dx :F;"lt‘ IF 1 beoiv T differenTiATE Witk

rESPECT TO X 1 WILL STAYT TO GEeT The foulowine INTEGrALS
L - %X - | 1 —olA 2 3 ol . 302
{o x e dx e . S nte ‘4%;3)3*@ dx—.&_q
Avd  wiTh LIME MenTAL EftorT TWIS ¢V be exTended To
Sx“e_‘” dx = n! which for &= | IS JuST The
o{h*ﬂ

Abou e Tunchon.

IN order TO E&vALOATE Y2 ! we need 7o X Tendd The

DehniMon of The ocAvMA  FUNCNON MOTINe ThAT &Hom The def-
Mok ! = FUN+1) oA be REwrITEeN UsINe The T ThaT
ni = nN-1)1 Tme reSULTiIve recursionr RevAmonshap s

deverof ¢ d F(z+.) = T F(Z)
HERE T (AN bhe INTEGer, NONTEGE! | REAL OF COMPLEX. ThUS From
Tae detinmon we hive s The irsT Few Terns
ra)y=ol =1 TV (== T'@3)=2. =2 e
Now LeT's T¢ 10 FIND [ (%2}, SubSTImTING Wb The
(') = 5.» x e dx

® -yt
BY SYbSHTITING X= Y' The IMTEGFAL BECOMES So ve 4?7 = 7

Thus wé hftve (+ ‘-Ié)., _ ./'ﬁ‘

95

INTEQT AL



USING Thé RECUTSION RELATIONSWIP WE have ThAT
T3} = o T 0') = % Am, Thus 1N Generfit

Fintd) = M-4)(n-n) (n=Sp) - ==~ 1 T(3)
2 n-NLtn-3)(In-5) -~~~ 53} <
Z'h

Ok Twe 7PropucT OF ALL The 0DD INTELErS 1S JUOST sven
by The AmcTorial fUNLTION

nry) = X AT

in i

N

The BESSEL FUMNLTION CAN RE DefFiNED 1IN TerRMS of The
The GAMMA Fumdoen  AS
T z () (" o d
dnl2) = =2 cos(%coscp)ow «’70 ¢
'I—-ﬁr FC”'?:’L) h
when N8 NON INTEGER The  Resser fTuncnon 1S ghill dehned 1N
TECHS of The 6MNA FONCTION, Rowever 1+ N fESOLTS 1IN INTEG CATIVG

OVEY ONLY PAYT 0F A cycCiLe ,The PRObLem FALLS APIRT ANd vod
hive Mo TASTE for PickinG A bAd N, IN The case of Jy, €2)

The fboue begwmed

v () = ¥ saebez il )~ cos
\Tf?. ) ey }I: °?J

The BEIA FUNCTION

Some one FAS POMERed To Tehwe A New funchod  Auied
e REA FunNnCNON 70 DEAL Witk TAVLTPLY I TW O
GAMMA FUNCNOMS TOGEThER. LETS STAYT By MOLTIPLY ive (M)
by F{n}

D D ot Nty
Momi P n) = S,, So X !exdx‘( e dy
Mow Desin e x= €% pgud VY= nl Theo
Feny = (2@ ma} tin-d oo tent)
Pimy T n) S° 80 e q o S+ ds do

1 we ane of { Bod o As dehoine & Puane, we winT TO
coMPUTE Y AR INTEGr AL | $0 Acfin Le=fs chAnvee uvAr AbLE
f:rsine [V -f(.:ﬂ..QOSQ
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Thus we hAve
LY Wt (m= tth-) IR TEL

Now The 1NTELIAL ouér The riAdios A

1S JUST AnvoThe bAMmA
Fomnenen | T imim), Therefore

LIF3 zha =1 tn- 1 ae
!"Lw\)f‘{h) = 72 F(MT“)So SN e cod e
OR  DIUIDIRG 0UT T (min) ow The RiehT
T - in-t
Fimy ) 2 Sh' Slﬁ}w‘tgcos 5 do
Piwatnl ’

This 10TEerAL  which E'QUﬁLS F(M}P(Y\) 15 The De{'\NiﬂOM
of The erwr tupenon of m modn)f‘(mm) LG

RBimn)y = Fam) Ming

Fi{mtn)
IT ¢AN be Showw ThAT

Bimyn} = S"' (l-)&)nq X e dx%

IT 1s W& ThAT  Rtm,n) = BN, my ., ALL 1T CAV be Show ThAT
@ .
B(Mih} - SO —'——'—Yh‘m n le
1171
iv The SPeCiBL CASE Mmin =1 Theu
Fim) Tli-m) = Som v T dy
b+

WE hAD TYOUDLE Ty iNg 1O OMPUTE This INTEGrAL by (opluy

INTEGYATICN METhoDs boT T 1S STvalohTiordward To EvAWATE
Via L AMMA FURNCNoONS ThaT

Fim) VF (i-m) = :;%mm

For Mo rpmlt = oq seuk TaAT  TC7)= 0
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LEGeNDRE FPoLYrROMIALS

TheRs 1S oNe MORE CLAss of sPectAt Fumwowms
ThAT hAS beew Dienified by A NAME S6 Now | w/ivT TO
DiSWsS ThEHM. These Are The SO CAlled Be (Coewdre FolYmormAts.
Now There ATe MANY WAYS TO DEFINE Thms seT o+ funcTOpS
buT id LIKE T DO T Ui The GENEAMING fINLTION METoD
PrevioustY Discvssed,

The G enerATIVG FUNCTION TOf ThE LEGENDRE TOLYANDOMIALS
5 i s n
FOxt) = = 2t Pux)
v 1-2¢x +t* n=0

Now 1® AddimonN To havine A NUMDer of MAThEMATICAL
IMPLIC ATION The GENE ATING FUNLDON HAS AN (MPORTAMT
ceomertic AL SIeRcANCE witH | WANT 7o MErNON. IF 1 waAnT
To  SPecitfY The DISTANCE BETWEEN 2 POINTS M POLAR
coord INATES | wivld wRITE

e = ‘{ﬂ.f’ + R.;_L = 24N cose

£ 1 COMMIDER U £ fi, SirsT 1 CAN RS
The REVIPrOCAL DISTRAMRCE
| I
e {7y
" Q,LT (.%J +} - z%ﬁa@cose
e

The SQUARE ROCT CAN Be ExXPMIDED AS A TPOWEER SERIES
L= 45 /Y ,
flan —f—l').. 2— (f?_;,) (PhCLose)

Thus we it EQUATE ThE VARIALLES (N The GENERATING

FUNCTION 10 TwiS  EXPression

n -
+ = 'r_l.!:. , X = COSE

SiCe 1N ELECTTOSTATICS ThEe TPOTENTIAL ENERGY 1S INVERSeLy
PROTORTION AL TO Tre DISTANGE berween The ChMRGES g V= K/p,
OR v K v /Y

fty z‘ (Et) PhCCOSG)
Thus A PUMbDer ofF Probilems (omME UP WheRE This GENGRATING

SONCNON  APPEARS SO The LEGENDRE POLY Nomims ARe vseful 1o
KAOW,
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Now BACK To The ocenerAhine fomchon ANE To pscover
ThesSe SPECIAL fumcmods. LET'S €XPAND

someme fpout
i f PoweRr SERIES

Cr=atx sttt
-.U

Ci-2tx +t%) 5 = | = 2 (-2tx +t¥) — 2 (- 2tx 41%) + hicher

8 ordér

COLELTING TERMS N orders of
| + tx « (}ix?___;:)-f‘- T hioher ordér

mztx+ 1) 8 =

Thos We have Tne first few
Po tx) = |

Potxy = X

Py (x) = %XL -2

LeEGENAdRE TDLYNOMIALS

1

Nows Ther hioher order leGendre Polymomiats CAN DE COMPUTED

USING The Ffollow e RECURSION RELATIOMS W1 P,
{n+1) ?\'\ﬂ (x}y = CZTI'!'I) X Prnix) + nPn, &) =0

show how This WorKS LeTs omPuTé Py from The Above

Te

fomCcnoN S
3Py, - SxPu + 2% =0 .
3Py = §xPu - 2P 7 Sx (A*-1) Loy
- Y _ 09
=} _1__%' X .z)(
Oﬂu @ . 5 3‘- 3
3 = FZA 2 X

ArooTher  USsedUL RECUFSION RELATIONSIP  JNVOLVES The DERIVATIVE

ofF The LEGENDRE POLYNOMIAL Vi

Cy=-x%) ?n’(x) F nx PmiX) - nVPu(x) =0

USinGg The GENERATING FUNLTION TO COMPUTE INTEORALS

I WANT TO Show Y00 how TO USE The LeneRATING

LONCTION To COMPUTE The UALUES of (NTE CALS., SuPPose
 wANT O EVALVARTE
it
T wn SO P Ccos®) Ph(cose) S ive de

This s NOT oMe INTEGrAL BUT A whoité  SeT of INTEGrALS
How Do | Do TaT? Wetl i 1\ Redehne The variabLes

+
e Twn = 5_,‘ Pncx) Pw(x) dX
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LET Me Dehpe A NEW Gever AMNG funcTion Gt s)
which  hAS The FollowinGe DehyimTon

Get,s)y = ¥ Tat's”

This PerMiTS DOING The whole seT ofF INTE6rALS AT odce

for AL 1 hAave TO DO VS EXPAND & (4,5) To 66T ThE UALVES
of The INTEGMALS . "FIRST  howener , | MUST INTEGRATE
_ +)
s n n
Gus) s L L 1" Putx) S Pulr)dX

-1

SUBSNIVTING 1N fOR  The OGENEAMING fu NCTIONS o‘F Pr C&)
+1 | i
G (t =
DEES N —

Yi-2tx44 ‘1!"25% +s*
1 CANY Do The (NTEOLrAL on X (L CAn eET The MSwWeER |
fa Arree. Unforumasely | hAave  ConsSTruded My INTEorAL
which 18 hfRder TO E&vALUATE ThiY The Oriet VAL SET,
This 1S vOT ARLWAYS True SO0 DON'T be distourARGeed 7T does
TOrN o¢T ThfT The boue INTEGYAL AP DE EVALYATED AS

AN INDEG INITE INTEGRAL And tT chY be Simpufien To
Get,s) = L o It h W
[s1 V- (57 Tw -w

G(t,s) = L l_+ Wos W o rwinoawh g
w T W+ w’yL +W3/5 +W% g - -
2[ LA

:22—:(0t) "'Z-E/O&?,Vk
(Z’&'}'I) Azo Z/ﬁ""’
Thos we s€e  TwaAT
ihﬂ\ = ._.%.
2R+

WhAT Doed This mean? FIRST 1T SAYS ThAT it M Does NnoT
EQUAL N Thenw Lwm =0  oThecwise 1 m=n=4k Thew

T - 2
mm LA

ind The WTEGrAL hAS This VALV e,
|00



The 8¢ TMAT  Twn =0 for m #n 1S # vers imMpormanT
RESULT  SiNCEe 1T IMPLIES ThAT The Two fuNCTIONS ARE OrThooonAl.
This ProeerTY 1S A bAcKbomne of A Good PART of MAThemATICS
ANA 1T 1S cenTrAL T The Dehinmon of A complLeTe seT of
JURLTIENS  LIKE The GenerRATN. LEGENDRE POLYNOMIRLS

Toroveh The Definimon of Pux) Bad The RecusSIoN
ReMonNShiP 1T AN be ShownN ThAT PalX) SATISTIES
The foLlowine Diff-eremmMAL €Q vATION

J Lw 4] 4 wnePecs) =0

o |
SING de

Lsme d J’Py\(co\bel + nnTi) PaCwsB) 20

ThE REASON | Deflw ATTENTION TO This EQuALITY 1S TAT
WiThiy The femm ofF Presics This DATHErenmf €Qumion tomes
LD vErY equenTlY Awd we Need TO Sotve 1T, ThE Rerson
This €QuAnon comés up ofTeu 1S A MANY Probuems JwvoLve
The LAPLACGH AN Opeﬂﬁ‘ip, i .

VL i} %}'\L T%-L +a
This OPOATIE WorKSY o) some JNNC‘I"H?N 'Hl,.? ). 4 we
Transform deorm  CARTES R COOrd INATES TO SPhericAl coofdINATES
Then The LAPLACIEN OPErATOR MUST LIKEWISE be TTANStormed.

We MUST usSe  The veupanonships

X= fL3ing osy ¢ 2 LSiNG SING Z 2 NLeose
ATEN Domts The ALGEDCA
Q . AF 3% F
. 1 3 at OF + 2 owe=_ 4, 1 ol
Vs fedn ( an.) ntoume 98 38 T Nromrg 3y
SoMETIMES T 138 noree couuwrc—w’“ TO Thé& RADIAL TERM A
\
- {n
n a/{. ¥)
You CAN  Show T\-\ﬂT mdeed.
...!-. (/{,F) = ...L .é. nt éf)
DY nt an,( an



LET'S MO W DiScusS A Problem NuvolvENG ThE wive
EQUATON (N SPhErCAL coordINATES, e T F= -AF.
Suppose NrsT There 1S o DePewDence oM @ ; Trus MAKES
ThE PObLEM OME DEOREE LESS COMPLICATED, SiNCE wEe KNow

Paltose) sandhes The B DePendéuce LET'S TRY The

TION
Soty F = $atn) Pn Co0s8)

This 1S AN OUT GoimwGe  SPhEICAL W AVE WiTh S0mMéE Avoutar
DISTribUTION  DeSCribgen bv Phcwse ). TF | Ple This
TRAL Sstoon NI The dfferennm equAmon | | 66T

Y(6) —’ri,j_;m_{hm)) t ) d owme d18 __firu

Lo 6 ae d®
where Y(@) = P ( wse) . BY DIVIDING Throveh by FY
ANd MULTIPLY 1N Throueh bY AT WE YN LouUPLE The rADIAL
fd ANGULAT PACTS, Thos Y (&) nmusT sSAMsTY

1 d sSive dY
S“‘Je de a6

Thos Y(B) 1S THe VEFY SPECIAL FUNCTION Pac wsB).

+ ninenyyY 2O

Now The rADIAL  PAYT MusT sAMSTY

34t nivy o -
noget (ahca)) + A NI IR LY
The SOLUTION TO Twis TiffersewTAL  €EQUAMON 1S

";h(ﬂ-] = A"{?__,—T:;/L th*;z_(/?ln,) + B@;& N"n‘}{ k/fL/L)

I Shoold MENTION ThERE IS AVOTher SeT ot
FuncTIONS Wwhich AR RELATED 70 The Pn's AS

Quix) = % Sﬂ P.ov) O
all X7

SiNce TheERE 1S A Pole AT XY we nNeed ThePRInGPAE
VALV & ©F The vTEorAL. f+ word AbBOUT The PRINGIPAL UALUE
ot AN INTEGIAL s 1w OrdeR, Suppose | WANT 7o CALLUEATE
BQolx) , Thew | WANT TO EVALUATE

+
Qo2 {4y

T1oX-Y
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’ This INTEGAL RLOWS uP AT Y=X S0 LeT me BRAcK off
- onN €ither SiDe of The PoLe by AN AMOUNT € AN

ThKe The som of The Two PATIS. L g, eeT rid
TeoubLE SPOT by LETTING & Gok TO

ot efF The

O NThe& Lt T
-~ [ ox-g
- o ) + 1
Qo = o "{.LS L O 1
XY xtc  X-Y
= A X — , O k€ ! '
L&- o] L Amcxe)] ]
P - X #C
= %, L'/LA(’Q— 'f/e/v\(.X-t-#) —'@h(x-()ﬁ-,iyfej
: H—x)
- 1L ik
T Jon (t-)‘
NoTce The DePendence om € DroPS oJT AS 1T Shoulp
£ we TARE EQUALS AMOUNTS on E1Ther SIDE of X. Thus
weé have A LAMGE

POSINVE RREGA bepe €EATEN by AM
€QUAL buT- NEGATIVE AMOUNT. The PiLTURE LOOKS
L1KE '

xt <

L
___—/A/,]‘*Lf_’j i
~-) X-& ¥ +1

-

Y.—::a

IT WrNs 0ut AL The Qs conTm N LOGAMThMIC TErmg
PLUS OTMEC POLYNOMIALS, The Q'S ARE usedul To Physies AS
They Comé 1IN wWhtv A WAVE 15 GENEFATED From A SOURCE ALONG
The ¢ - AXIS .

I hAve NOT MeEVTIoNEd The OMER SO LUTIONMN TO Theée

RADIAL EQUATION, ThiS SOLOTION IS ASSOUIATED wiTh Exphdintg
For My <L, IN TS CASE  +nin) = J_W ud  F =
IS A4 SoLuTon To The DIFFERENTIAL EQUATION. ThIS S oluTIon

1 P (s,
obTARING WhEN There Are charges
For | chfroe

CONCEUTY ATED AT The ORIGIN,
nso Te = | ANd  F = Y. The SPherichL
WAVE 1S SYMMETTI¢ SPhEnCALLY.
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For TWO C(hARGLES AT The Orfiein A — aAvd + chARee A
DIPOLE 18 dorMED wiTh B 'ar  ELECTYIC PoTenTIAR L VARIGTION.
The ANGULAY DISTYiboTioN  Go&S AS P, Cwss) = cose. The
NEXT PosStbiLiTY 1 n=2 or 3 chnRees AT The ORIGIN,
Two Proses Awd 1 mMinows. This haS A mMore compuicATéd
ELCTMC POTENTIAL; 1T Fars off AS Yr3 And AneolLArLY oARIES
As 3 ( 3coste -4)

t? ANGULAR, DEPENDENCE

So . we hrve nOT WORRIED AbouT Auy & or
AZIMUTRAL ANGULAR DepenbDeNce WhAT - The DisTribunon
Pepends on @7 Thew The Differe VDAL €9uATION  becomes

compLIcATEd by _ 1 d*F | However, This 15 The omLy
nrginté dq?"
TErt wWhith DePewds oN @ so wée KNow F MUST beé

ProPorTIOMAL  TO ITSELF }.¢ F oz ASiv me + BeoSm @,
Thus The more  GemerAbl SolLuTiuN FOR F g
F o=

i’ilk/z. :rh—r-}_ (/fi/z,) Pro) nonwmy
A" (8) 1S The AVALOE of The Leocendre PolymomsaL
For oMhenr cases Of ™ 2o find is ReuATed T Pn Cesd) by
" . " mn
P (cose) = (oeng) EL,“ Pa x)
d X
PrtCiose) 15 cLed The  Nssocifited Leoendre TumcChnows,

LET'S ook AT ThE Msoiar DISTHBUTION For Some SPefit
af3ed. First For mzo  Pelceose) T | This 1S The 7rivifil (ASE;
Therée 15 N0 ANGULAR DeParxitnte. NEXT n=1  CONTRING Three
PosSibibiTies mM=0 or | DboT m musT GLAYS be (55 Thm)
or €QuAlL 70 N, Thus wé- have

nm=t Mms=o P’ Cwse) = s = Z/p
Nt omed Pl Cwse) = SING &BY - R
= SINGSING = Y/

™ese Taree FUNENONS A umiguée 0 ThAT TheY LTI VO
Depsonence o The defiomon of The XY, T coordiNATE SYSTEM.
TWAT 15 fvY TrwsdormATION cAv DE e€xpPressed AS A LINEAR
CombivAnon of The pbwe Threeé FUNCTIONS.
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Now LedS Look AT N=2Z  ThiS Te There ARE FIVe
PossibiLITeES m=0, 2ty e

1 X o
Po e - £ 32t-n
1 znt
v, 3 cose SiNe Sy X/t
P 3 cose SING SiNG ¢ /nt
[tk S ”dl‘@ cosl@ CX1 ....-f’;}/n—l
Pe 3 SN sIvLg  RXY/nr

TheRe 1S ANOTRER  USEtUL ReaATONSWIP BRETWEEN TWO PopuTs
pehiNEd 1N SPheChL COOrdINTES Twm Shoutd e reNTIonNed.

The wivoed  Avele Begween The TwWO PoiNTS, On 1S 6 1VEN
BY

Cos Oin = COSE. COSH, t SING,SIuE, COS (B, - )
ThiS ¢AN bt ex PrEdsSeD AS

- “m)l oy mh -
Pr Ccos@i) = Z (,n MJ)', Pr C%Q.)'Phh Ccosa)ee f:_, mfe
(Mtm)l
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FOURIER S ERIES

b Mow waWT TD  1nuTYodoce The sobdecT of Fourier
SERIES bY DISCUSSING A Problem wohich FOURIER Himseut
ATEMPTEd TO SOoLvE ANd 1IN The Process DedetoPed The very
UsehIL Awd eewerAL cowcerT oF dourier SeR1es. The ProbL e
DEBLT wiTh A oNtferm  Yod of LewoT» &, The QuesTion
WAS To deTerHMiNe AT BOME LATER TMe T whAT The PEMPEATUTE
would bHE AT Some RPOSITBN X - ASSOMING The INIMAL TEMPerAfUrE

DisSTribhuTioNn WAS Kuow At t-o.

e ProbLem reguired SOLVING The D HereoTiAL EguATion

VrT = e 2T

gt
which SimpLifies To g'T _ . 3Tixt) 1 we consider B ow¢
DIMERSIONAL fod. This ax* ot differesnal EQuATIONM hAS

p SPECIAL SOLOTION  Givew by  T(Xt) = J-cx}am which we
(s Y bY PLUGGING INTO Thé g@ufmov. Hwe Do we GeT

$40x) g 1t) =+ fCx) 8'&)
DIVIRING Throueh bY Hx:aiﬂ we hAave

P e W L consTanT
£ 9 tt)

Siwce The egurmnon v+ pRaEes MROT DEPend on T e
MAUST feQuite m ThAT f“(’u/-{-’cx) > CopNSTANT  Or ThAT

i
£{x}) be &-xpoNENT!ﬁL. V. We TAKES T™E CLONSTART TO be -/f{
™en

£CX) 2 Aoun kx
IN GENErAL  4(x) = Asun kx + BCOSARYX  buT 1 fm reQuiri NG
T =0 At X=& md X0 Thus <Cohkx ChunoT bE A SOLUNON AT
X=zo. AT = & WeE  wAwWT 'F(CL)T-O Thos S0 Ao = O whiCh N
Yequites TwAT /fz—.‘gc_:r, Solvine WVow for att) we hpd 8[1'}.-9”
The sowvnNon For TiX,t) 15 Then ity

T, 1) = Asm(Wx &€ &°

A s A ConsTANT which hASR'T begptne'ﬁue—[) Y €T
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Let's took AT This SolvTioN for A couple ot UVALUES
o+ M Awd sce 1+ we AV under STANd WhAT 1T TELLS
Us., First LeT M=) At 1T=z0 Thew The rod has A

TEMPErATUTE Profiteé TAT LooKS LIKE The followine:
R LT T
Ty T

1

{j SN gx

T T T T T I 177770
[+] a1 o

X

AS Tite ADVANCES ThiS TEMPerATURE Profile WILL CoLLAPSE
&mooumﬁﬁtw, g, ALL AMPLITUDEs ALONG X o Down ProporioNAteLy
WITh A TMe CONSTANT | 7 Gruen bY &/gr | ¢ s The TiMe To
reduce The AmpuTde e or 368 of e orfieiNAL VALUE. Norg

ALso e biwetr & The SBOREr The TEMPErATURE HALLS ott.

Nowd LET ML "Thew AT Tixt) 2 TCx, 0} The digTribuoTion

LookS LIKE i Sin 2Ty
'r{n '.l [«

i I o
Yl T7 /7 IN e {777}

RofiN AT A LATEYr Timge + ThiS Dismbonop IS
EXPONENTIALLY DECAY buT with 4 TMeS ThE rATE of The
n=i DisTribuTion. 7T POW  beomes o

WhaT Wwoutd haPren 1§ The INITIAL T MPeraTOre DiSTribomon
WAS PNOT A SIiMpLE S1pusSoIp? How wovltd we Freore ouT
WhAT The Temperaivre 5 AT A LATES Time t 2 This 1S wWhaAT
Fourter wANTEL To KNow, HE tooNd OUT ThpT 1T WASKH'T
NECESSATY To vESOLVE The Problem OuEr fid Over Ao MM, To
Undérstand  WhAT he did wWE MOST MAKE USE of ONE  imporTT
ProfeTy o The Linear DIfFECeNTIAL EQuAmoON YIT = 3T | ThAT
s 1 F Tux, ) Avd Teix, 1) ARE SOLOTIWONS Thew A LWG?‘?TF
combivanony of e Two A 15 ALSO A SOLUTICN , ThAT s,
Ty Ox, 0 = AT xt) + B3Taix,t)

Thus WE oA Now ADD The n=i| Md NnN=2 SOLUVNONS
HLA\VEN Aoové To Hud A New SorLuhon whith hags An
IMITIAL TEMPEATUre DISTrtbuTION  ThAaT LOOK S LIKE,

(07



H

Tcx}: TFix}) = SiN ¥ p Sw 2R
| @ [~
|

i
o]

a

*
Now AT & LATES Time 1 This DiSTrmibulion becomes noRe
PN More LiIKeE The n=! DISTHibUuTIoON beLAUSE The n=2

COMPENENT IS DYive ottt 4 Mres fAasTer Thimyd The ne i
PAYT. Thus AS Tihe PASS The LowesT order Sl TEC M

SUPVIVES, The DISTMibuNon LooKS More SIMMeTricAL Avd DIED
of & with e Nme wNsTANT of n=i.

Foufter CopClune D ThAT ANY SHMO0Th TEMPErATY RE
DISTYibunon Coutd be W ITTEN AS The som of # Sened
ot SIVVSOIDAL COMPONENTS of DjffersnT AMPLITUdES And

DITFETENT Mode ShaPey  I.¢,
oo ~".Z.?_'..“L—{-
Tt = 2 AnSinun e Tt

n:oit
¥ The 1M AL TEMPerATUrE DISTrIDUTION 1S Kpuow | 1L 1‘cx)=T<x}o)
Then 1T CAw be &xpressep S
%
fay = L An S (M)

noi

WhaAT Kind o SowcNons wAavée Thi sPeurt ProPerTyY of bewt
EXPressiblL e AS The Som of seriés of SINES Ardd COSINES, ;‘h:)o

how Do wWée  compuTe e An's 1.¢ The ONTribomon of
EACh Yode’

Fourier momnced Theer The An'S coutld b e RETRIEVED
bt Tae fDLULOWING MeThod

a 2
|, fo0 s m dxo= A So P (2 ) Sin (2 | dk

The IMTEGraL oM The rhS  RAS The womndéerfol ProperTy of beEING
o 1f mEn Avd 15 ¥y £ m=n., The Proot For Pms 1S
STY Ao WY for wArd

& -
S O cnﬂf} Sm(hﬁﬁ)f) dx = N L cos Cheminy - (oS Chem)Tix | dx
o G & T r —
F i\ ~ «
< L %r By A (n-miy - = Sin inTmli¥
Lo NMimen) a W {mn} a
-]
= S -0 = ’{‘Or mEh

jo8



TS 1F m=n  The INTCLrAL 1S MOT Defwed SO we HMUuST
— pesoe

mzm
Sifihm
S AR s M dx = (% g omis dy =
A 50 z iy

g

Thus We hWAve ThaT
2 g
Awm = c S" ’;CK)SH\IC"%’) dx
The Aw'S fre CALLEd The coefhaevTs oF The burier senes,

NoT AT Tne  coefficiauTs Are Found we musT ind The
$OxY'S . ESS&VTIALLY  ALL 5moom}51meted vitue TUnCTIONS ARE oKay
AT LACKS MIPhemMMmal ripoor buT T WOrKS. Thé mMoRe TEFHS
TheaT Are Taken 1M The SER1ES Thée beTRer The AT TO The

AcToAL fopcnow.
FooriER'S THEOREM.
I winT T0 RETUMN TO A MOREe GWWOEAL APPROACH KNOW
of fourier seues, | have some  Perodic foncnon | Fx) Pwd

FwWANT To EXxPress 1T I8 T&ms of Sives And onines 1N Thé
)

WNTEvaL - ¢ To +¢, oveEr This
INTEF VAL TUX) AN be €xPresseD As

H

Fixd® 180+ Bicos ¥ 4 By cos2mr ... :
< ]

[]

+ A Swwnx +Atsml3€x,.--- - o 4 e
Where The Sine find Cosine coethic1ers AR € cived by
C - Q
Aw : "ésc fexy sw Zl_.gf dx Bz éj_cqtax)cosr%x dx

This 15 CALLEd  Fouriers Theorem of INVEMNG A SERIES. The
MATREMETICIANS Tound 1T RATd T betieve whés T wAS FirsT PrOPEKD.
AS LONG AS FX) has & hums vumber of DISCONTINGITIES AN

IS SINGLED VALUE, ThIS 3EMES ExPANSION 1S5 VALID. NoT&E ThAT
X)) repeATs everyY 2¢. FurThermore i+ ) 1S 8 SY R METICAL
foncnod  ABOUT X=O ONLY ThE INE TErms RMMN, 1F Fix)
15 ANTI SYMMETY IKAL onlY Thesine TETMS REMMIA.
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LET'S work ouT Av &xAmPLe o Row a funcion
15 ExPrEssed 1V Terms of A Sourier Series. LeT Fix) be

The followineg $¢x)

fexy = - for X <D
$x}= +1 4or X vo

ti

X —>

FIrST we'lt FIND The An's; woTice The fumncTion 15 AwTi-
SYMMETrIC SO ONLY ThE SINE Terms sourvive. Thug

S < . TR X
Ax 3 S% Fex) SN Wx dx
For X «0  sSobsmiTuTe Fixi 2-1 mud Toe X730 e HX)}=+]
o3
Au = & g - Sy W | c .
o e _C)c d}( + < So 1 SIN 1‘}%& J¥

ALl we hive dowm 1S JUST bresik FIUx} vp 10TO TwoO
LOoMTIMUOU S PLIECES. TUALVATING The An'S

A’ - L { C;Os(’lﬂ_“_f ® ] _ A O HUXI
N T < e i .

- L L= == +1] 2 2 T, .,
An nm ) (o :I"nnl_' (’)J
This S © 1f hA=tBuen And for And odd N The Au
bEcome n_ﬂ- ThoOS '{’(X) becomes

: = 4 1 SN -
fix) = & s -f%tsmsn + L SINSXx +

A PhysichlL ExAmPLe of Tag dumcnow 1S A SwiTch
TUFNING  VoLTRGE ON mvd off,

TWo HMORE USEFJUL  FUNLTIONS ARE The SPYMMETICAL
fud ATy SYMMETICAL SAWTBOThS

Fxy = & - 9¢ oS X D cos 3MX 4 - --
/K ¢ n"'[ < TT) < ’
C = 28] SINTX Ay anx 15,03
M $0x) n[ R Ll

*f- 1o




There hAS beew A LoT ot MATAEMATIAL DISCUSSION OwWN
The convereence of The foorier series . The Quesnon s
ATEY SumMive To A LATGee N fvd Then SToppive how CLOSE
™ we coMme TO 1L{XJ!14, Row (M PporTHST 1S Thé resT of The S&16S
Thar Y00 Threww AwAY. AS AN g AmMPLE The SQUAré wAVE
fUNCTION hAS A convereen(e bUT Prodeces AN overshooT which
reprthes some LImiTING UALVE

S—

_fErShooT

There 15 A whAY pAroond The suecshooT DiftculTyY And
AT 1S To ATIENUATE The AmpLivde of The hie hér order
TErKs . Thus Therr effecT 1S LESS ANd ThE LiMMING behaulor
of The Seres 1S much SMOOThET. Wwe can PROT A facror ¥
oTe The dorter series And  have
4x) = ?Pm‘é’h oIm NIX
=

c
A ¥ = | Tne TuNCTION 1S APProAched 10 The imiT. The
SEvIES sum Then LooKS LIkE Twe foLtowine:
You c¢AN'T ALWAYS EXPECT ThE MATREMATICS
W GIUE YOU TNE 11T ANS WET, Y00 mMusT e
Unvd ErSTNd  The Problem you ATE TYY NG T
solve. £ The APPLLAMDON of Tmis Hourier
Sefies jpuolueD  SoME Threshold DeTecTINg
CrculT, Tne OVErShooT Phepomenfr could bE QoITE
Trouble Some Usive The Y- ATENVATION METhod would b€ rEQuired.
OM The oTher FIAvd H P00 JUST WANTEd The Aren LNDEr
sgufive Witve The overshopT Would MNOT bhe Auy Troublé€

SIRCE R POSITIVE And NEGATIVE ouershooT CANCEL ERChOThEr OUT,

FourtiER S&UES have A LoT of ouSefoL APPLICATION

oM€ which s INTERETING pbuT NOT of TEw USEd [T IN SUMMING
SETies, For ExMmPLE | | LAD The SERIES
__l—-, + ] .j. + - - = A = S

T

—_— 4
i+ 2t (3" b+ N

I



fehy find S USING Fourier  ANALYSIS.
1$ Somé& JumcTion Finl which

2 Fin) o=

Mow SuPPose ThERE
Teé Propucesy The Above SERIES, 1
¥éo) + FCt) + Fe) + --- 4+ Fin-1)

INTEGEr cfAn bEe BXPressep AS A DELTH FUNLTHN So LEeT
Me Dehve Cx) AS

EACK

§
Cex) = f §x-n) Ctx}: AJ\X }\ k
L ] } /! ! l —
Hf wE comsimer  Fin) ey g n

TO BE A FuniTion
oF X Thew we can feTrieve

-

T™we F(R'S by

g sy Fexy dx = 2 Fn)
n

Ke whit oply The

Nn's 0 s0 The 3Sum  on X -m)

"‘('OP\ -y 1o 1@
MUsT be o e hlF S0

. +oo
Clxy} = -,;Z SCx-n}
neQ
The fumenon FOX)Y 18 even g Fox) = FOo%x)  so The Sum § LOOKS LIKE

3= Fo)y +

(... Feus Fi-t) + Feoy + FCi) + Faay s -+ )
el

S acxy Forbdx

-

-

L
7.
= A
1 Flo) +

e

The St FUnCioN  cAV be ExpAnded AS A fourier SecieS  bewees
~Yr Awd v Yz Sivee  Sx) = &%

We hAve A COSiNe SETEES

LX) :%SCX"Y\} : 2. Yube * by Cos‘ié‘ + by cesilr . ..
<
WhEre The woedfficienTs ba's Are Giuen AS
Y
by = %Skécs}cosh_’:ﬁ&: 2
“P’L
Theretore o
Cx) = VYV + X 2cesamkx
ki
Thée SUMMATION formuLA becmes

@ & @
S = 1 Fo) +S° Faxydx + 2 S

4 Fix)2cosirhrdy
=)
Mow You WhAvVe To Do The

IWTEGrAL S whith HMAY POT bé A5 eAsY
A5 SO0 ME oTher Technigue, BUT SoMeTIMes 1T 1S AVd when T

T™m1s  APPYDACK Y(X} 6eTs smovTher
10 oLy A Few Terms.

&

15
mid SmooTher

LS QUITE Alcurare, As
The SEXIES CONVETRES

U TS S Py
-a
AS A Probiem Find The Sum S 7 [14€ 1€ +€ 4 o---

[z



CompPiex MNorTAMON oF FOURIER SERIES

| Now wART To 1MPROVE The definimion of The Fourier

SEMES oy  WOVKING 1IN comPLEX mOoTATION, The dumchow 'th}

e <nHx
_s)cx} = 2: a.-v\ e <

n=-N

Decomes

I Tis mpoTAIoN 1T (S EASHEr TD WOYK OUT  Thé mAThemMIKS,

To find ™e coethicieuTs we have
P C(n-m} TXy

) -FQX}e‘EMM dx = I OL,.}H@ dx

Feve on Th RHS 1S AN oSQUATOr Y SRPOMNENTIAL which wuntl
MOT con™IDUTE  ANYTMING OMLESS mizhn. WE GET

4 —C MR
A
an = 2 ‘-‘ tx) e dx
M FCx) 15 A real FUNMCTION Then 1TSS COMPLEX COMJUGATE %‘C*)

% _-fnnx
s even by 4%x3 = Z Qn € € Sice Fox oz FROX) The Two
SENES MUST be €guAL Teredore Therr coethGENTS MUST be eQuAl, ¢

The Gen's masT  sensty Qazﬁ,:.
The ENERGY TheorRem

One uSEtUL Theorem 15 cAlled The eneeY Theorem which
WUOLVES The AbSoLUTE SQuaRE ot Fix) | 1f

- b C o ® - iy o enax ® (0 omE
E‘ES«. Fx)YF cr)dx _E:Z_theuéamge < dx
Now reckll TwAT cany - Emuy
W orelkLL S‘ e T o < dx = S‘Hm hod z fovr mon OY‘OI’F mFD
Thus we  have .
£ f FOF0 dx - T anak
or . < T odx o A
e 0 fwl £ s Zihast oy

PRYSTCALLY wWhaT T™is memwd 1§ 1if we hAve A CompLicATE WHAVE
which A be  broxew op INTe A LOT of Sine waves ot itterve
faptiTVdes , An( The (NTEnsITY of eAch wAVE), The TOTAL
ENErey cAvried ¥ The whAve 15 The Som of The Spuare

of BACh CompowewT INTENSITY. The SUM of ALL The SQUARES
MUST EQUAL 1 hg, Tne ToTAL €NETEY 1 Thée wAVE

13



You Shoovld be AwAre of Pour gxPAndine Poweér 1O
SoLVE PrODLEMS. RECALL we Fouwd For A SQUATE wWAVE The

SEesS  Ex PAWSION WAS

- LHx 4 Snux -
Yex ) o= %(/lefg +—é$n0-?‘_ T g ST o
The AVEraGe 3QUATE 1S E€Qufl To t 3o
LI e [_*,,J_, [ P --.J:S
Mool = b= @lernr 25 725’ L
Twus we have Found
Z”’Lt . It
ORI
Neodd 8

There 195 A GENEr ALIRATION TO The € Nersy Tweokem which
(s worTh ¥KMow And TaAT 18 Gruey X} ﬂ-wé(jcx) The

ERECLY 1S GIVEY by
} < v aQa b*
E: ;. g &-cx)a cxydx = Z n

CnliX /o

wheve gix) = Thbne

fexp: T an e

4

RETUrNING To The Guesnon of (oNvergente AGAIVY
WE cfu DU A DETEY Job Mow, Suppose That SCX} 1S Sertes
ExpANdEd over The juTervAL oF - T TO ¥ Thend

rnx

fexy = TG&wn €

Lets Try T Aind IN Terms of FxY whar fuxl 1S whege
M 1S Some HNITE NMURber wheve The SUMMINEG STOPS, Fuix}) 1S

N K
pehwed AS ¥y (x) = ¥ Gn €

nz-nN
The coefhiienTs afe civenw oY

5 () at
Adn = S,“ e (F

T \ 1(
wl |
nx g "o i dt

S50 Th AT M .
= 1
Froex) _Z..; € i "

IT APPEe™S THAT Thines fire GETNG worse for us boT o we

PolL The INTEoral 00T TONT Then WE hAVE The 660 METIC

£ in(x-t) |
SEFIES L € which  ¢hw be wrilTEY  AS
™ {n(x-t) It (x-t) ECNTYL) Cant)
i e s

e"‘?‘t‘.ﬁ‘t} _ ef‘/LCK“'t)

fod StmpudYine we hAVE

114



a1
Frix) = —‘S Sta (Nt Y2} (x—1) Fey &7
-7 Sin Yo (x-t)

TS SAYS To TAKE Fit) Aud  fAdd TOLETher WiTh Thé weichTING

-g—ﬁc,TO'l' 0‘{’ S Cu"f\(LJCF'tJ_ I The cASE o‘i‘ ‘FL‘{‘) bernte A
Sin Yoox-t)
STEP FUNCTION we havéeé A formuta For tind 1nue The overshaT

- 2N
Fncxy = 2{_“ X_n“ SIMANFYL)CX-T) d+
SHIA Yl x-1)

Win

FOURIER TRANSFORMS

So AR wé& hhve TALKED MAROUT FTIOMITIONS which wére
REPresen TED beTweew -~ Aud €. 1AM NOT IWTEFESTED v LETING
The riwce EXPevd To o And A5k 1f There 15 STILL A CPRESSTATION
ot ™The fumcnion. The ANSWE 15 ndeed Yes beT in order 7o
MAKE ThE fepreseuTATION MOre ExACH 1'LL meed A LoTE  of nt:?hffx
To KeeP Thé DxpPovewTIfiL POwWEr from KOING TO EEYO,LE. € e
BS L =>e0 1 omMusT — . 1F WE ¥ePLACE NI by W A New
NYMBET Thet AS € 1wLr&Rses W GETS CLOSC*C-;. I s process
Whe coethiciauTs of Gn  Bre covverTEd T A PoNcTion oF w, Piw),
whiLé The SvmmaNon over n bocomeES AN INTErAL over w, 1€

5 o~ §dw(s)
Thus we have HJov §(x),
fexy = §° R e du
- T
wWher ¢ 2C &n 2 Qlw)

Thys REPTESewTATION oF R} INvoLves The SOPER PosiTION 04

AN INANITE Number of OSCILLATOrY wAVES. N We WANT 0 Mecover

CP(.wJ w€ pEed T0 EVALUATE
r

q?{,w} = 2CAn T 5 e
~®

This 1S ™Mé 1mverse fourviey Tv Arsiorm.,

1
-

" fox da

IN. The Wew represeuTTION The ENEreY Theorem bEcomMes

R * 2 4 ¢ * 2, “ W *',w)c(w
Shm foy §Texy dx = £ Tnant) = jﬂhc‘“dwiz}%) > S_QC?L /g ¢ n

| 15



SoLu MG DIFFEREVTIAL EGUATIONS bY
FOURIE R TRANMSFORM TECHN I QUe

SotuiN G LINEAT DIfFERGWMAC €QuURTIONS wiTh cONSTANT
eHhG e TS 15 A OmMMON  SCLUTENCE 10 PhvSicy And 6061 NEEFIVG.
Foq chmique which MAKES The TAKE ERSIER 1§ APPReiATEd. The
NormAlL EQUATION  1nvowIEsS  PENVATIVES ot Some vACIABLE Y And
CAnN be exPressed As

7 On 47y - aﬁx}

dx”
The RHS 15 Referred TO The iNhomooeueoos PART of Dithersonac
gquanon. The hOMOGIWEDYS EQUATION 15 WheEN &k} 0. AS Aw
grfmpLe of The oDifferevmial EQuATOY 1S

o Foe X <o
= e 4or x»o

A Livear DitteresTitl eQuATON  has The proPerT?Y ot
A soiuTion whith 14 Twe Som of PIECES | For exAmMPLE
LYy = LY 4} = LOYy ) + LYY, Thas ProeeriY exisTS when The
Coett 1 CLENTS Do poT DEPENd  ON X,

gy 2 4
T > dx‘f"l’

There Are hundreds of waYS 90 Sorve Tha e € QUATNIOMS
Whith cAv bore You DeATh., RdT Si1nce There 18 onlY ONE ANIWE
The ERSIGT wAY TO ThaT~ ANSWEr 15 HMOST ATTTACHVG . Fourier
WwAvSTOrMS e VY USETOL N soLuine These Kinds of Probuems.
The PriNaPle uPos which Twes Thmwigue 15 RAxd S
The jden of cepresesTive A Fusanon i) by A foormer Transtorm
Quoy Soch Th&'l;cx) . 5% ecwx @ ) dew

-0

(X4
Diftteumanve  flx) we F1ind ThAT

-, ({75 S - A
foa « [T b e Tgua g s o Ry

(o oTher words DFENTIATING AN be SMPLIED TO  MULTIPLILANON
DY 1w. TheN The ProblLem 1S feduced To oNe ot Fleebraic
MANGPULATION |

He



The ALeEBrAl MAVIPULATION CAN Go boTh wWAYS berwWeEn

The ARtTioN | 1TS TYAuStorM, Al d bk AemhN, CONSIdEr The
do LLOW ING Two TrAamsforms

—l Y

GLw) = S gox) < dx

Yew ) = 5 Y oxy P
WE LNow Th AT
Lw YCX)

[}

. d L CWIR
S.-oo (aﬂt}c &X

S x YLX) e-t,w% c!y

bulT ALSO

»

-~ Y (W)

ReTVAING 1 The DiffFerenMAL egupamon, 1 we mulmpLr
bot sides bt € Y dx aud INTEorATE we GET

T anciw)” Yiw) = ew)
We cAvdehne Pliw) AS Toaniiw)” which 15 A POLSNOMIAL
IN (W, We AN Sowve For YW)  Thew AS
¢ )
Piw)
We hWaive The Ffovrier T sStorm of The Answer SO we hive
T90 Trarssform ©ACK  BGAIN

m .
v (x) = S ow) o dw
D Pecw) 2
A seT ob TAbBLEY Tor wopkine OuT TTheSe Foof1er Ty ANSIorms
15 vErY VSeduL. wWhAT we formnaity WAYe TO Do
M For Goew) Ty w*ﬁw&f-ornj
Jwx ~twx! '
Yix) = 5 e __ S gy e dx ' dw
PLiw) (A
I wWe CEVEse The oTder of WTELIAMNON

. L ~X")
YRy = Scatx.‘; dx e duy
PCiw) Ll

Yew) F

13 SUbLSTYTUTE

Yo w Dehwe

Rexe) 2 [ e o
Rlw) ir

To EVALOATE RIx-X) (T IS PECeSHTY TO  CALCLULATE The INTEGIAL

ot A POLTMOMIAL., The €85165T whHY To Po ThAT 18 by Residoe

TneorY ANd  oNTO Ul INTEGYATION, Swee Pllw) 18 A POLYNOMIA,
1T ¢ be wWAVITEM  AS

7



Pléw)y = dn(tw=-Kki) (dw -y} ~-- Clw -oln)

WeE will FUST ASSUME NO T (O0TS MTe Tne SRME, Thus
EVEN TIME we hAVE A POLe AT &K dy - - ow, W& NE&d
To DETECMINE The redidveé, Mihe residve 1S ™E  POLY NOMIRAL
MISSING The POLE AT wWhich The EUALVATION (S MADE Wi
The femMNING  POLYNOMIAL EVALVATED AT Tw = da. As 1T
s ouT

‘:H_H: ‘.ok'; 2 -j-; = f&si1due
Pl |l xa P'i%a)
30 TAAT™ ™ME  SsSoLuomonN T0 The Dyfterednng eQuUATION 1S
X :
- A 5 Aalx-x") .
vexd L aa ) © gex') dx

AS mevnoved SrLE we (A wrTE The 3oWNOoN AS
A Sum ot PIECes; ome Plece (A MWAYS be The KO mOGen&ovd
SetvniOn, 1t LLY.) =0 L) = eox) They Ly +YL) = 6x)

The SolLUuNoN be comes
oA X

L e jx = X’ ' *
fex) = Eooh . e guyd' TZ Ane
An X

Whee € 1S e homoweneous SDLYTION,

X

There 15 ANOTher wAP TO weTe ouT The priterevmnt
gquimont which & ofTew mmes Usetul, 1 we 0se The
NoTAmON TWAT Dy = df/fy, | Ted The Differeonfic €Quinon
becomes

Z anD" Y = g x)
or D) Yix) = 3%)

LeT's work 00T A SMPLE ERAMPLE of B L, uear
Difereon . 6@ umoak ot The T Deovce. Consider The dollowint
ELecwica U™ circonT

o ATATAVA —0
E"‘ _L- EOQT

.

. T .

Where Eain 35 ThE I VOLT AGe  ANd Eour 1S ThE DuTPVIT
VOLTRGE., The TINE hisTory of <iCCWiT IS Given bY

9



RC d Ear
dt

LEMNMNG D’—‘l/d.t' we oAt WNnTE

+ EouT = £ .nit)

(Re D +1) &or = Eiu

HERE PLD) = Posle) 2 RED +1 . SOLVING For oo we& hfrve
SRR |
X = RC
Thus There 15 onNLY | oo T And P'iw) 2 RC . Theretore The
SoLuTION 15
) ! ~Tme 1t -t;/KQ : - Yre
Bor = zce e Euct)dt' + Ae

To oo op we Meed The NIMABL condiDons oF TThe ProbLemM,
Soppos€ Eeur = Ew T O at Lt =0. Thed

- -ty < t!
Eouvr = 1-2'}-(- e RCS e /R C B (t") d,t‘
-
ks B cHEW . Y
~1f I . - 2L
RC dber = _ 14 @ '“‘5"" e /R g 14T , e e ™
dt RC ~®
) ® St mt
ANOTREr EXAMPLE 1S TO £URLUALE Stm) = So = 4t

it we difdecauTiATE Twice we have 7T

s'tm) = S-t‘-saum't‘ 4T

o G
pddiNe  Sim} TO both Sides l
-S"(mi + Stm) = go"o ommt 4t = /™

The Problert \S Then

S”(m) ~Stm) = -~ VM
er ALTE MATELY

YHI(X) = ¥Y(R) = - ';L‘ T GLA}
IN D noTATION wée hnve

DY~} = ~VYx
wWhere PLD) = -1 . FiNd1ve The veooTs wéE GeT

ol, > TI K27 "
So ThAT P (k) = 2D =1 Avd Pliyy) 2 -2
! ~X +Af d '
(x) = ef (* il ety ~ 4 ge A
v LSc(ﬁ‘)e ¥ z © ES

19



The INTEGrALS Nl DE CuARLVATEd. DIrecTeyY bWl
ChY De Expressed AS Error NTEerAL BC Previous L TDiscussed.
Thaos Simy ¢hAN be coryiTed AS
wa - ~ m
Stm) = -%: [ e ki) -~ EC(MI:( <+ Ae MT '{56
(  ~Stm) = S-m) by SYmmercy we deduce B A . PLIO we
KNOw AS "M —ooe  The SSCILLATIONES MUST DfMP 00T 50 B = A=20.

Now 00 Tme cRe of  DoubLe voo0TS W& musT ADD
ROOTRES Torm TO The SOLUTION . ThaT 1S if D=1 has
The doubie vooT ezl , e SBLUTION IS GIVEY bY

‘I'U() - J\r e&o Cx~%'} ey 5()(‘} dK‘ . A edox , Bxed‘ox

Prx)
The PoLIvomMiRrL  PLDY il NOTT RLWAYS have reac rools.
IMsoch & Uhse S DY 2.y wWhere D= Tl poT oa= T (
Pid 00 Fherd. You will 6T sipes Avd cosi1pes . 1 The Auswer
Aas  TeAL reols They will APPERT AT The 6Nd . Don'T @eg NEFVOUS

WITh  €xpornewTAls ANd complex  coefhaienTs.

IN ordér T expANd  oor KNOWLEdGe  wE will TMLIK
Brichl? AbovT Differsonfit cqufmions with v AT iffbLe oeffciedTs.
1 Q) (s The Foorier Tytwsorm of TR} Thew The foltowae
Travstor mnmons houd

L w) (PLuJ) = F,(K)
Cwn Py e fhix)
¢ cp'tuo) — x Fln)
~ @ W) e X-Fxd
LW T _d_.
. d x
Ld% . < - x

Thus We set TAT HTIPLYING  bY tw 1§ e eQuiv AlewT
™ dfterenwTATIvG I8 % SPACE. Con SEruelY iiFar eOTIATING
IN W sPACE IS eQuIvALENT To MULTIPLYIMb bY X 1M X~gPACE.
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We utw USE The Techm Que of DifferanTifMue 1J  w- SPAe
To SO6LVE SOME Sk PL pon-LiNear DifferenflL EQufmon. For
ExAaPLe | SUPPONE WE W ANT  To SoLvE
4y + XY o
ax®
BEMSE This 1S NONLWNST wiTth A TO FifJT POWER We A TrANSFOr~
ANd  GET a2
{2w) Yew) 4+ ¢ d Yiwy 0
Taw

WE hive (educed The order oF DiHerenM AL EguAmom by oné

S0 T 16 eMBeR TO Sowe., WE A SoLve sor Ylw) AMd Geé
C{Y(W) “ oo F - H.S'I.(AJI
Sl Cratd — Y} = A e
Now To hnd V(X)) WE MusT™ TEANSFORM bACK 1€,
.1 .
Yix) = A @98 o dw
R

This NTEGTrfiL 15 fethTed 7o The  Beasel funethow of 73 ordér,
Somenmes AtLEd TE res I pTeerat.

As B ProbLem TrY  To  SoLvé
xd L dY Ly =o

Ix* =5

1 Shooltd PoInT  OUT  ThAT DIVEFGoST SOLUTIONS DO wNOT
1
WAVE ¥ourier TraNsform s Yor expdple A€t has por FLT

I oo i ANT o oiscuss A cuAss of  guack boxes C(ALLEd
MPLIErS, The mpliher WS Thae propeTy

ThaT EoayT 13 EUMTES TO & (t) by s0mé N _
QUANTITY g | SomeTmes referred 70 A8 Theemd [, "™ Eeu
ot Trhe dEvice g o

Eout = 8 Ew

Wi A pumber OF ProPeeTES one oF wWhich 1S ofTew
CiveantTY. ThaT 15 tF i) 3 PUT IN Theo Fuois ouT.
av & F Fiw) s Id ey T (s 0T so MAT FirfL e

Gilves FitFy ouT. SmPLY STATEd I you "DoubLE The mNpoT YOU
poubleE The OuTPUT, Thar 15 A LINEGAT AMPUher

1 2.1



The- mmPLifier hAS The TProPerTyY OT beine TMe 1MuAtNT.
H o fety s w AT+ Thew  FUT) 1S 00T, Jhe Thé sAmPLE
SIEGNAL 1§ puT IN T timge tra , The S e DUT POT 1S

obTHINEG.

The AmPuLhier (A be ANALYZED by  InvesTieATING TS
Bewhvior To A& SPeaipt v cNON, The detTd 0anod, which
PermiTS dedocine The reaPoNse For  oTher |y PoT 4u pCTIONS.

I we PoT A detT™® funcTion  The 00TPUT wiLl LOD K LIKE

yi
7

R T
SOMEe PrOoPETES bemnuectw Sty And  RUt) AKE The fpLiowine
Sttrtsy - R (trts)

b§(t-te) —> pR{t-t,)
St-t) rdct-ty —> ROt ¥ R{Ot-t)

F(t) SCE-ED —> Rt RUt-H)

The \d e we Ave DEvELOoPING 1S bY POTDhne & whol & bopch
ot detTh DRMORNS ToseTha ch AT DiFFERenT TIMCS
id ot DitHr euT ™ AMPLITODES WE <AV oNSTrUcT ANY wWAVE

PAOLRET  You wMmT, Thud we o wnTE
For (£) = § Ret-t) Fu(t') 4t

ONCE The TESPONSE TO N [MPULSE 1S EsTabushed 7
15 POSSIDLE T S0LUVE ALL SODSEQUENT EQUATIONS 6IvED
The ST STEM TrANSEEr v weTon.

1AL,



MoRE ON ThE AMPLIFIER ANd The CcAUSAL
IMPLICATIONS oN The TRAMSTER. FUNCTION.

Last TImE  we sSTAcTEd To Disuss AN mpLifieR by

Usinve Fourer Trawdform  Theory . | wANT TO CONTINUE TWAT SobucT.

BASKALLY Ad AMPLIFI 66 INVDLUES TRO FUNCIONS wiHtich
fire feLATEd DY some GTher FUNCTION, SOoMCMMes referred To
AS B erew's fuNCNON, R(E). This 15 The resPovse of The
meLIfieR To AN mpuise iNPOT. A Tabie of INnPUT ANd OUTRVT
foncnons 5 vsefot T sumMmmmized
cuT FuNCLTION

W hon opon
Sty seumh R (£)
§ct-a) R (t-a)

{ sty dt § 4ct) Ret-e') dt!
These feLANOMShIPS  thPLy i fF | aNPOT A SienAl wiTh

ConSTANT i¥eq UG‘MC‘(,CA)’ ng  Ein = e“wrj Thesd i oLl €T

ouT™ The SAME  frequencey buT Ampurhed fNd Perhapg PR ASE
Shifred o EBaut = Ay Cewt, The dovcTion Pr{_u)) IS COMPLEX
soch ThfT TS HAGKHITVAE 15 ¢alléd The fmpuifithAmon white
e tmrowary PAMT  YieldS A PhRASE shift. Awoy = VA ¢l e‘:“?‘“})
Atw) 15 ofTen chtied The Trinster funcon of The AmpufieR,

H There Are ALoT  of 41’(—906».)(;165 AT The 1dpdT Then
Ein - Qo €' asd The ouTPuT will Depend onN The
AapLy Ve of each of The whridus COMPONENTS., WE MmulT INTCorATE

over ALl frequencies To e The TOTAL ol T S16MRC
twt cwt
w d w0 duw

WE  Canw STVAY TS behAVIOr 10 more JdemiiL bY USiNG

T ThAT
The T T sty = § i) Ret-t) dt!

. i 'Cl ,
‘@t such TWAT The Trmsier s SGM ret-tdt
t-t! Wwe A wWMTE

4

Now Lerm fity = e
BY redehpine TMe TiMe bRse 70 be 2+

™e INTEGrAL &S
"w-t- 4] -dw‘t
e So e R(2)dT
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cwt (Wt
Thvs l'f' Ew = e mid Egur = A’U‘o) €

wy €& hﬁ“’e’ {QUNC’. ThRT Sl
Aww) = S e R(Z} d¢

The oereen twemon  RCE)  cm be toovd by TThe Nverse
TrAwsForM R(T) = SC'-‘“"L' ACw) %_u;

iN  The cASe M ANY {Tequc—nuﬁs Fr-f‘e-'PR&_')e-;oT' wB  hive

AT ] i Wt (o
giﬂ = {lt} - 3 ?LM} < ‘ "',E:ﬁ
Ad quo) = § fu) ™ g .
To find EguT,
: b e fdw o (T L T hge s
Boor = § quo hiwy e S}_S;m ¢ dt e 42

: S ') dt ReE-t)

IN order T PROCEEd wWe Need TO TAKE The tourier TrawSdorrt
of The PRoOdOCT ot Two fupenons, Tis 15 A usefol CoveseT
$0 LET ME GENEALITE by (ALLING ThE Two FONTIONS ﬂfjwdéyffz’
both Wive FT's o flt) —= Flw) and get) — Gw)
Then we wWAHNT

5 fLt') a(t*t')d‘t' e F(w) G (W]

The Prododt £t 3cf-t') IS ehlLed f CONVOLUTION, [T IS
usehil IN mANY CABES TO &iSh AvooNd IN The w-3PACE whith
hMve efsy FTS  SiNCe The  INTEGrAL TEJUCES O wmulTI PLICATIO N
of TWo SINChONS.

[N Summfry we hAVE e’xThbLished ThAT The chACARCTERISTICS
of m MrubieR AN De Oimwed by Kvowiws TS TESPONSE
To AN IMPOLSE Of T A sine whve of dehmte Freguescy.

124



IT 1S INTEesTING T STVAY  The A whes R(Y) 20 for
2o, T 18 AOYTRIEMENT TMAT N0 TEDPONSE Wil OLUT UNTIL
AN IUPUT SIGNAL 1S APPLIEd. This ThEN A#S A STATEMeNT O CAusALITY
frid mpnies ThT ARG Ay T ChACRUBRISTICS. We ReQuile

The o . ~twle
o (o R e dz =0

SUbSHTUTING ok R(Z) ™IS emuAUITY becomes

o ! ~wat
S»S“""’ Acsy et ™™t yr dw

The 1vTeerAL over T il be EVAWARTEd bve PUITING 1M A

e
converowe dector et ( wore 2 <o) Ald TAKING The LimiT
S € == 0., Thus wét hfive TO Gugy o ATE

o Clw-w'}t €7 de
[
| Jom € e
The INTEGrAL CAN be  EvALYTed &S
Ao gl
Ty
e—=r O s (w-w') T€

PorTide Ty RRLK, INTD ™TME  iNTCLMAL

(o k) d9%
€70 e Tl -} t €
This oA Be wr T AS
A dw'itg Ly
w-w' -CE
Aod The INTEGRAL 1S N The form ofF A cod voluTionN bepweas
frewy mid L;{-wl LTS BT M MMe SPACE 1S JUST

J¢-t)RCt) =0
where L(-T) 15 The UNIT STeP fovenon which 1§ o for t<0,

The condimon on Alw) 1S ThAT T hAve No  SINGULARIMES
perowd The Real As. Thos dor RITZ) T be CAvAL ALW) IS
NST ACBVTYATY  buT rather  gATISDIE The  CriTerat of dlo- PoL€S
beww Tae YOAL Ay, ‘
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The mohon oF A comPLex ';FEQUEﬂCY, w = Wr t 2 Wr
i$ very osedvot here AOd TO Porsse T S mm\wwite. L)
REPFESENTS A whve Whone MPLITNHE 18 ChMoinG ExPoneaTIALLY
WITh TiMe. 1F W S 70 The Mmpli™de 1S decA? ING WiTh TIME,

Now A  comprex foncnon  em have £ SeulLARITY cALLEd
AopoLe. This s A pounT #T whiehh The Ponction 18 ASY HPTOTICALLY
hNITE. A pore N A physicat 2 funcTion REPTIESEUTS A RESONANKE,
Which 5 A freguency AT which The AMpLiD de of oscitl ATION

becomed  1RiniTe for A& drivie force of haiTe  #PLITU de,

Aoy Physich L SysTem has # “nemory” Which LTS A cermmn
WWiLE © 1T 1S mpossible ThAT f+ Physicat SysTem Shovid have
PRE COG NIZ ANCE oF EVENTS TO oME. This 18 gusT A STATEMenT of The
PRINCIPLE ofF cAuSALITY. The only why A PhysicAl SYSTEM CAN b
AChIEV € INRDITE AMPLITUdE 1S The TESULT of TS memory oF AN
WHTE drivine force AT Some efirLier TTME. SI1NCeE A POLE REPESEITS
hTE mpuTede of esuittimion fer f FITE drjvine force; hewce
T MoST Arise from & force WaT ws" hAS f‘X?ONé—p‘T;ﬁLLY decretsed
from NHEMITE MMpLiTUdE AT = ~00, This tmpuel The driviNe
force nM B compLex dregoencd wiTh PoSiMve Wr. Thus The
PoLES of A REAL sYSTEM MuST LIE W The upper hALT PLANE
of The compiex Tregquency SPACE, COTresPONdING To decAYING
fpPL1TO4 €], SAID ANCOTher wAY The OSCILLATIONS oF ALL veaL
Physichl  sYSTEMS  dechy NATUCALLY wWith TIME |, The resod ANCE
frequenciey ALl hAve PosiTive Wi ANd LIE 1N The OpPER
hatt PLANE.

REt, OpmcAL PhySics | S.G. LIPSOM  ANd  H. LipsoN | (Ambridee . Press.
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Lets pow deduce Some Propermes oF A by L MUESTIGATING
The LimiBNe behavioer oF The NTEormdd. LET'S wrTe The

focTon -—Lw e Ay The- Sum  of AN iMmAc Y And vEAL PAYT!
wi-w-e
A . — C:)__,_':__(AJ + (: €
wi-w-ie (wi-w)t et (w'-wjt e’
CreAl) LR QIR ACY)
The behavior of These fURNCTIONS Loo Kk LIRE
reAL it iy b ATY
& widTh
Wi w Cw'-0d)

The rmaL PATT M The LT Goes AS The PrinuPAL UALVE ,¢. PV _!_w
SINCE There Ave €QUAL  DiISTANGES oN € tTher Side of The Smbum'!’l'l}f.wd

The mAoivary PAHT  behdves As A delm FOMeTION AS € — O

White The ACA Goes To T, ™us we have S The LULiIMITING

Yes LT :
I - PV L + <t S(w'w)
wh-we-re W'-w

Thus 1+ | UNdersSTANd The PriNupPhL VALUE
ideg | WKAVE A resolT ThAT LODOKS LIKE

oo i C‘ { . i
0 = S Aw') Py b 49 o ( acw) Sewt-w) du
—_— {A}‘—w A R

The (HAGmAT  PATT 1S EASY TO INTEGYATE 5 T 1S JusT ¢ Awl,
The reAL PART MeedS TO be INTEorATed ATOUNd The <
SINOULANTY A5
- & .
S“’ 8+S Awo'y Pv 1 dw
- ol wes

Wiow 2 .
ThiS 1S A LiTILe DiHICULT To INTEGrATE SO for The momenT

LeT Me wWriTE ThéE rfesolt AS

5°° Acwol) Py b dw' o L AWW)
~o O W
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Now A CW) 18 oMPLEX So we ¢Ad  wriTe 1T AS
The som of A fear AN imfAcinAYY PART ¢

Acw) = Ajcw) + ¢ Aziw)

ANd Trom The Prewiovs T&OLT weée  have The condimond ThaT
Fog The reaL Pﬁf’l}

O ¥
S_m Antwy PV dw - Arcw)
wi-w T

Thus Givew The reatl or (MAGINfcY ParT The OTher ocan be
soLved for. ThAT 15, Jfor The reAr PArT
- 5;: AICQ&) PV i 'éﬂf = A;&(&U
w - |

An  exfrfie of These rel ANMoNS wHICh hAve been
CALLEd The DISPerSION RELATIONS The Mdex of retracTion
oF L1GhT 18 dsed. 1M This CASe The 1Maemsfry fopcnon
CorvyesPonNds To  The AdsSorpTion Throvoh A NEJIA  while
The reAL PAYT IS The refrdcnon ivdex n. From Tnese

reLATIONS We LEArN Thal N vAvieS AS A Foncnon ofF Heguency.
This Phelomenh 1S Referred To AS  chyomfmc ADErrATION IN OPTics,

PLL Give ONE MoOre EXAMPLE of The ouse ot Fourier

SETiES bedore | LEAVE  The sobdecT. 'LL wopk ouT AN
ExXAMPLE 0F heAr $ilow. | wWitlL S0Lve The ONE dimensioNnfL
REAT FLOW  EQuATION
3t Texyt) - Jiext)
axt ¢t

SVRIKT To The NETHAC <conNdiTionN ThAT AT +z0 The TheAT
DisTribvNoN 8 eiverd by Fu, 1t Tix,0) = FLx}). Now Fourier
Travsformine T (X, t) we  hAVE

2ix,t) = 5 e ‘M Tixt) dx
pd Tux, 00 = Qok)

The difftereamal  eguimon  becomes

kY Pk t) - dZ
dt
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This

EQUATION 1S MOw €A3ILY sowved A4S
- AREt Ak
Vikt) = € (A)
~RiF
where ZLJEJO) = ALR) = @Geh) . Then ’Z(/fz)-f)-_ CF\(&)Q
~&1 4

Simce € tS
FinNd

UK A Trmster foacnon  we AN INveE'T )T TO

Hexa
Se_ ok t) ab

. Eai
- ~kxr -k
) €T gk A

SINCE (9(&) = Sef&x $x') dx' we ey RewnTe ThE
thpovenTI L AS

T (X 1)

1|

- en-x)"

. ¢ Ch-x')7*
. t{k + ”_u--] s

And FwALLy

N1
TX,t) = 5{;; e 2

fr CONVOLUDATION INTEGFAL
ISTRIbBUTION.

TS 18

+(x') cl)('

IN X by A AUSSIANM
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TART Two

I Wikl Now ChANGE THE SoubJecT AN START TO
DISCUSS A SERIES of MNEwWw SUBIKTS. WhAT 1 hAD IN mMinNd
WAS 0  Go Throveh The FOLLOWING LIST, PASSING Thooeh
SeME MORE fADILY TThAM OThERS DepeadINe wpON TNE MTEREST:

DIFFEREVTIAL - £QUATIONS

PARTAL DifferenTIfiL €QUATIONS

CALcoLus ofF umrifGlons

INTEG AL €4 VATIONS

HATYICES WITh APRLICATION TO VIDRATMON Theory
Bloen vALves of elinear Diff. EQ's mid jNTeorAL E9S
PECTUl bATION POBLLEMS W LiNeaR SySTens.
PROB ﬂBrtVIy fodh. STRATISTICS,

DIFFERENTIAL EQUATIONS

T dvitecewmiAL EquatioN 1S A RELAMONShIP beTween Twd
VArIADLEY SAY X AN ¥ INVOLVING  dertVATIVES of O9n¢
wWiTh repecT 10 The ofher | Wi AN = sQuioN I8 xy, Y J_fz“,__ _qJ__:{ .
IN GENErAL The Wwasr The order ot The €QUATION, 1.g, 9 dx dA
The N of The denumweﬂhe- ens1ér. The £QuamonN IS TO SoLveE,
UsvAtLy IN ATIACKING A Diff. €@, The 1T ST 18 To Redoce
e order by oNe. There (5 oN6e CASE, The Linelr TWff €9 with
ConSTANT  coethcienTs, Whee s COMPLILATES The SHLVTION.

 wil Cosider The ProbLem S olved hew Thée soLuTioN
RAS beéen Redvced TO M) INTEGrAL FTORM. [N MOST (ASES Thé
. EQ CMINGT  be exAcT LY Sowved. ITS onNLly 1IN ThE TEKT booKs
Ther Jou f0d Solvfble Probléms. 'LL st forlow TrAdiToN
bY DISCUSSING  SOLVABLE ProbuLems. You il see€ ThAT
sowine Diff eq. repuires A LoT of foouine ARooNd TIYIG

70 find The ERNEST form Sor solvive The eQuATION.
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FIRST ORDER DIFFERENNIAL £QUANONS

FIRST  oRder Diff €9's. ARe of e Adorm ‘?(7‘1)"3'{) =0.
OR MORE COMMOMLY ExPRESSEd AS dy = Flx,v). The mosT G&nerfl
fisT order  Oif. EQs  ARe woT sowvanid) The EQUATION 1S SbLV AbLE
¥ The Moswer 15 Reduced To QuAdraTure. OITEN TIMeS The besT
FPPOACA 18 To mAKE A TABLE of Xy ed dy/da ANd COmPuTE
The SLOPe feor ufriouS INTEFESTING UALUES OF X AndY . MTe
You fiid how fAST ¥ chivees wih X , Y00 Chu RecompuTE.

The DY 6@ Do&S NOT  compLeTely dehine The fonanopdl
SoLUTION ANd  iN GEVEFAL  you NEEd Some ARDITTATY cONSTANT
of INTEGrATMION- AS The ordér of E€QuiMDN  INCREASES, You wiil
Ne€d A CorresPONdING Number of  Such  CONSTRWTS,

Sotvine DifferevTfiL EQUANONS by STVdy ING  The ChATACTE
of The SLore for uAmous uflues of x s OETEN gurTe
INTorm ATIVE. This  ider ks  been Expavded find 1S cALLEd
PASCALS  DifferAd, Here for enah vALve ot ¥ Aud x vou
Draw K LUTILE Swope of omiT Lenwet. e Draoiwe # LT
ot These  LITIe Stofes you oiv 4010 Them up ANd 6eT A
AeeL HC The soLoTon fNd 1TS behvior 1M UATIOUS REQU REGIONS.
The LINES JOINING The VARICOS REGIONS ARE CrinichAl SoLoTons.,

Now WeE'llL 1NVESTIGHATE SOME ne€ModS of 3oLVING  ExACTLY
Those €quUATIONS which Al be Solved eRACTLY,

chse L NO Y, 3_)_): = Fix) TS 1S INTEGTr ATEd DIFGCTLY
CASE 2 ¢ NO X dY = F(y) INVEXT  Avd uTeoraTe AS L
X dx - |
ay¥ F
Then X = S dy 7)
Foy)
CASE 3 o, v) = - l‘lg_)_c'?) WI1Th SPecifit CodiTion gHl = SN
N()‘:Y) oY ox

Tis 19 POT A WY sefol CA%E $iNce NOT  MANY
£ uarmons  hAVE Tms  ProPerty. The Diff. £Q 1S
soufible  SINce Yy = ~H o Mk tNdy =0
At Qux, Yy smishies
= 2 4
d @Qcxv) 3F dx 55; dy

Whet & M=df Avd N = 2¥

X 3y
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The soLdTICAN To CASE 3 1S JosT

As AW EXAMPLE
dy . - vra
ax X%

iNnTeerATIA b

Pex Py = § mdx +xen

@+ixydx  +CI-x)dy =0

d{yx +A* +v} =o W€ GET
yx txXt +y = C of = C-x
j4X
chAsE 4 - dy = &%  _, &y - dx
dx k) L <X}
IN SoLUING  NOT oMLY ArsT ordéer bdT AiLSo hiw her

EQUATIONS VT SomeNMey vieshil o Ch b & Thes SCALE c:f— The
EQUATI N DY htnweive ¢ AriAbLed.  For £xAMPLE  ConNgideL

| £

Howmo Genevus Or
such  chASES The SObsTiTomon

4 . %

X 18 chiveed To Cx ARd Y IS chmeeD by A LIKE
AAUNT ey Tme Schve 1S PReserved. Such mi €Qupmon 1S

INUAYUANTT 0 A ScALe R TRANSTOT MATON. N
Y/x =V cfnN be wmabe. The

SCALE ChMiGEe s X > X¢ Ad V-V . Now 1t we 93¢ szzemx

{xies s X tAne md U scmes AS V. e dourm of The
dHfereoT AL equANon 1S Mo

dy . fv)
d§

Avd ONE VATIADLE hAS been rermovediiu This case §,

As AN epfmele y= VX E;erdj’x

+¥Y
d X
dY s v=vi4|{ — dv - d
d4% VeVt 5
As muoTher exfimpLe
3
df - x + X ycmes&bx"
dx Y
a: X'v o mNd § o= lag
3
dX'V . axy 4 xtdy = X T X
d K dK XV
2Y + dv - -l
43 LYy
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The Livenr VT order dHfereunAL equATIOM hAS
The GenerAl form

dY + Pex)y T QLx)
X

fd hAS The 6 ERNEFAL SOLUTOM

—x) Fox') , ‘ iR
Y-..exj)‘e @ x' ) dx + A€

A
' ¥
Whert FLx) = S Px") dx ™
FoR ®=0 The HOMOGENEOUS CASE The SPECIL SOLUTION 1S JOST
_ -t
4> he *
Once Tis eguftton (5 sowued we Ay ALSO  Sotue
L]
dY 4 Py = Q)Y
£dX
watth 1S vewrigeny AS
dy Pex; A = QCX}
<) + } Q
Y“éx yv\?“

A SPEUAL  (ARER S cAtLEd The TRICCATT €9 VATION
=54 acx L L bix
ax T by }

ThiS  CAuNOT IN G&eerAL bt Sowved buT 1T 1S ONUSU AL
WhAT You oA do uorrh IT. We cav rewriTe T AS

= };Q_K)

G\ dx +(7 Gcx)
Mow  LeT g = SFQCKJAX so  InFT d_g:' Gixl dx
TheN  we hAav e

dy [
ay d 7 ¢cs)
Now a ,1 dY = W' | den'T ASK Why You do This
ax 1y
Jost a0 1! 'l‘new wé& AN WrITE
4y = @' _ vt = q(3)
2) m o —> J -ra d

Which 1S wnTTeEN  AS
d ‘p 8(.5 1,)
Thid 1S NOwW Lm&ﬁ-r \N Y AV SoLuablEe bulT The order

1S INUERDE O seoind. Swce The RRAL e UATION 1S LIKe
e WhvE  SQUATION  Thé SoLumon 1S More HAMiLIAR To US,
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PROPETTIES of HIGHER ORJ e €EQUATIONS

We hWhve ALverdy Discossed Lwoenr differeunal eqouamons
WITh comw STINT  coefficienTs avd Found The? oy ALwAYS

he sotved. The oAse of NONLIweAY DiereMAL €Quitons

IS M O0Ther MATER WHHCR WE witl DISCUSS 18 Tne FoLLow it
ASES.

Case 1. Mo Y . F¢ x) =0o
Reduce order by LGTHN& W= f
case . MOX . Use dx/dy  same S bedore
ry ¥ 1
CAs e 3. EQuanon  hR WoMoeeniTY o PdP ?JP
dJ da
case 4 . 3“ :nCCJ) noLn Pl by a‘ Ther I NTEGTATE
& Y- d
aY Cy"{,) B ch du
CAs & 5 al; .r-k)()(ji _i_(.P()\lJ‘L =0
divide odT g’
LineAr Dift eQ 1N g bt 'H'!bhéf‘ or deR.
Pacx) é__j) + Pr - (x} _":'l__ 3 4+ —--P,Ly)dr ¢ = x
dx" dx " ax Y PN A

I+ Q=0 Te homo cenvcous SOLVTION il be vsed o find
The- NOU OwMe G enends  PART.
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SowvING DIFFERENTIAL €QUATIONS NuMERICALLY
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SOLVING INTEoRAL €QUANCNS

A EXfHPLe OF A  LineAT HOMoeeNEOUS INTE6/AL
£ UATION 1S The followiNe

w -y 2

L)y =\ So e H o] 4y
Here The | NTELr AL CANNDT be DOME SINCE 1T INVOLVES
Sx1y) which 15 WhAT WE Ae TrYawwe TO fiNd. TYPIcALLY
Then | NTEGFAL € VATIONS  Are Sorued by Twe weThod o‘[’
TEFANOK . This s A mMAThem AL W fry of  sAayne ™AL ANd

€reof. You hive T OGUESS A Hx) Twew Pe IN To The IMTEorat,
EORLVATE ThefECALCULATE Fx ) find Try Aohw,

The 1S A smatL cLass of  WTBeraL equiiions which we

cAd ver nd of f1ekT AwAY. This 1wV es Awn  eQumod
ot The docm

!fm:,\g KX, y) fy) dy + k)
Here  KO,Pl s cAtled  The Kewel . Ao &xaapPe woold be

fuy = § T g dy

Tris 15 REFerred B The dOPLALEMEST Keeel  KX-Y).
Mow The GASHEST Yy TO Proceed 1s @ TAKE The CONVILUTION
of This  INTEGrAL. Thal™ S

¥

: : _(y~ {_‘,ﬂ.o(- d»?ty
S e hox ‘F(K) dx = (5?(_;() = )\3 : e (Y~%) 0 ¥/ e 'Kﬂ} cl)/
or Pck) = X wick) gk
Where WC%—) N S— e-lu}et.'/{z.udu . 1 L
'-n\(n) J"-?’:. !'}'/ﬁ
Pck) = _e
[~ Ak
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ANOTHER  EXfrMPLE IS
oo = §, amenPody

S F3%dy = xSa yikv)dy
= C - XD
whete

¢ = §) ce-dy)’ dy

Sa‘ y(c-dy)’dy
froaTwer  ExAmPLE S

It

u

D

"

fix) = S:b cosix-y d
**ﬁn‘
T COSK S + SINX SS’NY c‘y

V14w
= Acosx Bﬁwx
Wh &re

dad B mMusT b
€ NuMEN CALLY S0wued
SOLWNOR  (TEATEJ. 4 ANG The
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C ALeuLus of VARIATIONS

Mow | wATT TO SoLve some PrObLEMS of A Driferen™
TYPE. AS exAmPLE SoPPOSE | hAVE A SMiNG fud
WANT 10 €N ClLode T™we mA iMum ATER. Wh AT shAaPe d06d e
steme TAKE? The  freA 1S oivenw  AS

A= §, o dx o0 |
A s Tmen & nvember which depaxds on A

®
fupcnod. We At A A FUNCTONAL S0 T X ¢
DePends on fox).
AS  ANOIner exAMPLe SoPPase | Thriw A bAlL uP N
The Mir. Wh AT PMn witl (T Hollow? The ANSwer (S The IVE

TWAT MAKES The TOTAL €N erey LEAST B JT Which onNe 1S AT?
We wiltl Dehve A New Tom A, The ATRN | which s The

THME (NTEemaL of KE-PE. Thus

A = S L%(%;)" *mahw]cl't-
The Problem 5 ™ ANd The wrie which mMAaKes This  Acnod
MiniMuM. To Do This wg& MUST mMAXIMEZE e MTearadd. This
mewss TAT 1 KX) describes e AcTudt PAW of The BAW ThEN
£(F+e) ts 2% order M€ 1&g you <M GO oft The Peax of The

heLl N Y divethion ANd T Chfplee YOUT SL0P¢.

SOPPOSE e Ft) 5 The foncmon which mfXiMized

The WTEoriNd . NeT Y  hei) = R} 4 (1) which 15 StichTly
dfderesT Fom The orvecT PATh. Théd 09F CoNdITON  becones

ﬁ[h(ﬂl = A[,'F\(.‘ﬁ)] 4+ MNe 17 order N n

SUBSTITUNING Thed K hc-t)‘ we have
Alhww] = S{%‘ [+ fﬂL**‘ﬂaC’ﬁ?f{_)}di‘
EXPANDING A N
- S[V_;-p‘ _MJ‘;, t mbh - mg7 1%]31‘

[+

We NowWw  WHIT

S[”{f\l ~ a”h(t)} dt + he ,_«;3 o &r N N

i3%



Thus wE€  reQuite

S: ] m’;\y.t— Wtaﬂ it =

whith cAN be INTEGrATED by PARTS
L ] __t (X
= mHh }/mt)]: - SD mh () nie) - S,mancﬂdt
0 - Sf (m :F.\Lt)ma)rut) dt

-

TheN we  have

hL't) = .—%
ThiS 15 The EXPERTED YesolT of A PoHrMcte i FALLUMNG IN
A eravitamon Ay feld.
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More oM  The UABTIATION PRINCIPLE

| menldioned LAST TimE€ how The vuarfimioNfic PrinciPLe
whs usedol (0 SolviMe Probulems. 1'd LIKE To ILLUSTHATE ThiS
by wWerKiING OUT MTheR cXMMPLe This TIME (M €LLCTTOSTATICS.
Comsider Two GBYLINDRICAL COMDUCTOr whith Are  conlewTrIC, The 180MEN
of vadios & s AT A POTEOTIAL V. white The oUier of radjos b
1S AT O PoTeonifl. The POTSNTdL (5) berweéen Theé
CondveTol(S LAY e QUITE cOmp tTEd DEPRSING
on The sorfrce chivee Howevwer The exAT & 6
1$ The ope which MiniMizes Twe ENETOY 1.5 .
which maAKeS The goerey INTEOrAL mibiMigH

E = % S(V(_P)zd\/oL SR JTUTYRTY

This Gwefey 5 The encroy of The SysTEM which 1S €qofitl
To 1 QVE whire @ 15 The cAPALTANCE, Thus SINe ¥V 1S fixed
we ¢ Tind C

The correcT AmSwer Yo Gp we Know. )T 18 a Yn
VACIATION  Such THAT The exACT vALYe for @ 13
C = LXéo
An ®/q

We MiohT S€6€ how CLlose we oV GET  ThiS ANswer by
TAkWGe A ™AL & which 15 NOT The corredl one. LETS
fwesT TYY A Lidearty deécreAsinG +1Eed,

9= V (1= M)
(- %p)
Sub STITUTING ANG  JNTEOTATIN G wét eeT
_C-_Lnt = ‘g_t&
LTi€o 2{b-&}

AnoTher Guess MiGhT  be A QuAdrATIC fowcmion

= o (A-8)  _ Riivhios
&=V [ 1+ = Cha) ( b-a)]

Qur Problem 15 To  SELedT The besT curmATIre or o fpom
The farvuly of  PAvabolAs,
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We'LL Proceted by COMPUTING ThE NTEGrAL

VP 2 ¥V [ & - 20i-«) (A

. Goe
Ve = VL& -2 C-«)r-w) 7°
fo-a)
- - 2
E - %__ g \/L [o(-ch~o<)(_f_t._-a} zind
o (-G}
NTeEormmne ANd  Sotvide Sor
£ = < bt 42d 4y) + Loty J‘J
LNEe b-a { a ( ¢ ! 3 ) e S

Mow | Need TO Tick The K which papp@e€S MiniM| 265

This Foncnion. Thos To fiud  Caip |d;ﬂe-re-»’hﬁTe C wRT &
fnd SET eQufiL TO O, WwWhtns 1 do’ThaT

1 f‘n-)cl
o= -2b
bra
And ‘hnﬁu.y I nave
CLM - ‘.‘)l‘f‘ qab“‘fbt
A2 3cet-at)

New L&T Mk

(oM PATE TheSE TwO FeSuETS wiTw The ACTodL
vAlve for e, for

d HeresT  vAMOs of Yo

jor

Caroe C L C gund

@ i €o ZTi€o i €0

2 14423 1.5 1446

4 -7} . 833 0.133

jo® .434 Lbil .415
elv .26 .51 L3446

-9 2. Yebl 1.%0 7. 4067
bl {0. 492070 10 .500000 10.4920¢5

Thus For sHALL Differevces 8 b And O The TWO

TORS work WELL wiTh The QURDYATIC THAIL ben e ExcepnonAL,

IT 15 oMy whtny The rdTio €TSS Up TO0 WO TO | ThAT
The quMrnc mMddEL BreAxs down

F4i



The VAGATORAL  PHNGPLE NdS  mANY  APPLIULATION M
M PRYSICS | JT 15 very POweL  wWhen e Problem INVDLVES

Mo LE5SES, Mﬁwj ProbLems hAVE MiNImMOom PridciPLles AS Thear
BASS.

You MiohT be nTEresTed To KNow ThAT e Mmficwell
EQuimons for fee some av bE  derived from A rimmom

PrwciPle @ivew A Vedivr PoToNTIAL ﬁti,f) Add A SCALM-
PATENTIAL QPux,t). The AMION 1S minimuM for The System which
Obeys HMAXWELL'S EQUAMONS . Thos wit may w™ITE

5 . . . L Z
- - 4 Y L
s - S i'(m:?. S (VA L Wy (a0 7Y é-e;{-)jdm

¥+ 5 [(A-]) - 9eldvdt

OTher MIMIMUM PrvceiPLe's  wvorve  LishT which Thxes
The MimiMium TIiME  BemweEsn TWO  PONTS o FermaAT's PRINGPLE,
ShroedINGEr'S GQUAMON  ALSO ObeyS A MINIMUM EEroy

P 1 . EN 1
T INCIPLE : . S Lz{(vm + Vxve) .q)*y)l dVOL

i

E s mMinimum for ALL NOrMRLized whue %nchousll.g YP'o
Which s&‘i‘\.s{')( S ‘\.P'L{}td VoL :l

4T



MATRICES

A marix a5 av arrpy of Numbers  (ayed ooT i A
RECTANGLE Shape whicth SANsty CoTHY OMBINATION LAwWS O
reL ANORSMPs. R SPecial cLass of MATRICES 1S The SQoArTe
MATrIX which we'tl deAL wiTh.

The mMATCIX 15 LAYEd OUT IN & YDW COLUMN NETWOrK
Where ¢ dewrT® The Yow mpumber Hﬂdd denotes The tumn/
Nu»«b&r The EAth €LemenT 1S dendTed by  Aw Qiy - e
uo&ex 1 And 4§ koTh vou T N 30 The MAIX IS
Dimensionil NXN- The  AYMAY 15 DNDTED  AS Qa .

Now Two AYfAys (Ao be Added | 1.¢
A +h = ¢

H ig ¥ by = Cij
The ProducT of TWo MATYICES IS GIVEN AS
A v =¢

Whevr e WIS f 9 ;

Cog = & Gen by
A AN ExAmpre OF Mw TS MULTIPUCATION WORKS LET'S
MULTIPLY The ‘f‘oLLOWiNb Two HMMYICES ToeeTheirt

l ] ) B7 v 28 x4 + 25 ) N )'7 T
3 47 +3.5 4.4 + 36 43 34
Yoo ALWAYS 6O AGS & Mid DowM b whew mMulTPLyiae.

For PHACTISE TRKE Te  foll0wiNe Foor mATHMICES A Show The

Foillo wWiING

e (°)) o = (27) ae(e3) 17 {5%)

Then L L L i

&y :6:{-;@3 = 1 = 0‘:0:1 2 ‘;a"s z ~c‘do',;

W MY MULTIPLICKTION The ProdocT & b 1S differsoT
frorma ThE€ PrOAUCT b a, Ths you hive ™ be chreful whaT
){our‘ DOING.

143



MATMIX  FIOLTIPLECATION 1S LiINERT <oord ipRSE

TrmsTormATION. Soppose wE hAve The 56T ot coordinfREd
X0, Xa, Ky, --- Xn  whith ©r a8 (X N RECTANGULAT MATT

More- CLOMMONLY A IXM MATIX \S cflleéd AVECTDR. Now
A oNew $¢T of oOrINATES (A be WIITTEN AS A LiNcer som oF

The obd CoordipATES,

AN EXAMPLE ot

X, = Gu Xy + Qi X2+ ---
X = Qs X ¥asr X ¥ -° °

Xn‘ = a“‘)‘l + - - Q““X‘U\

Tis 15 A SQUBTE MATYiXx whére
[ . R - e
X; = Ll X7 X, 7 &X
Thus we A TiNK  of Mol TiPLYINe A yewor wy A MATTIX VO
TrodocE A NEW VECTDR. |4 we mAde ANOThEY TranstormaTION

R8N SA {
ot ! X" o= T by X
TWO TrAVIdormATION

The finfAL  Transformamon  jnvoLved

X" - g(Z& bj & Gai) Ko = Z Gy ki

Transtorm ATION  CAY be exPressed  As

C = b a

— —

Tae order BEiNG FirsT A TRANSformAToN by & ThEM one by & .

Anoher why of wrmNe This 15
’ch5) - ’DCRL}—DCRl)

Procecdime oM IN Dehoimows fd Termipoloey,
The UmiT MATHX 1S defined 70 be

$ig® (Lfgf) -1 =T

The CombiNg

Q010
2O 0

The v T MmATIIR hAS The Pnperry ™ABT
Ta =& =aT
Tws 1 s smp 70 ommuTe. T fouwows ThAT

zZ Sc&a&d‘ = &y
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HOWnPLAATNION  of & MATYIX by A Number mvoLves
MOLTIPLY iMG EfCh €UmMENT by ThAT NuMbeRr, by

Ba = pa
The Zero MMAYIX S The Null mATY Ix !

o = ( 333)

reciProcat. of & mMmATnIX S cALLed ThE  INVErse mmTR

L

™e
[
X¢ -za-s:lXJ —2 x“Zd
g_tg-' 1S The reciprochl or' wverse of @ And 1S Dwmo AS a
IT 1S Trveé ThAaT x a =1 » a'a

MATEIX MOAUTIPUATION 19 ASSOCIRTIVE , 1 &,

a (be) = (ab)e

MITT1Xx  ADDINON 1§ TDISTriboTive
& {bre) = &b +ag

MATY X MUTPUWUTION 1S OmMuTATIVE £

ak : ba

The COMMUTRIOA  of
Qr_‘?... "‘QQ. = Egr:.b.]

g ANd b 1S deded 1o be

The Trawsposs of @ 45
L t
/8 =  (a _);‘J' = o,
INTEFLh ANGED The ™IS And CoLumMns whit €

The TWHEVSPOSE
MEN diAGOR AL UNCAANGED.

LERVING  The
¥
The HermiTIsN  AddowT | & 15 dedwed  AS
*
(a,*) i& = Qo= CompLEx CoddVeRTE of ¢
A REAL MEAIK WA REAL ELEMENTS;
o= a*

A SYmMETHIX MATYIX IS pNe whith E€QUALS TS “TT ASPOSE

O.:OL*

umi=t4 i
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A HERMITIAN  MATTIX 13 oNé whith €Quals The
COMPLEX ONIUGATE of TS  TrANSPOSE

Q = a¥

—

kA uwTARy nammx S msties
Q.* = a,"*

—
———

TWO  ACTS wWorTh TEMEMDENING

u-{ —_- -
@b) = b &’
And 4
(ab)" = pra*
T™hE deTermInfTE of A mMmrvix i T™e Prodoed sdm
oF The elemensts deT A

™e TrAce of A Mivix g The som of The
d1ReONAL ELEWMTD
T, & = ‘Z Qoo
Te Trate  his The followiNo ProPermes
T (ap) = Tr (ba)
Tr Cath) =~ Trchta)
Tr Cabe) = Tr(cab) 4 Tr(ach)



APPLICATION of MATRIX THEORY ToO
SOLRING  The PoOLY ATDMIC MOLecvLE

We hhve beew DI 0SNG ThE

Theory of MATTICES
Now LeTS

APPLY WhAT WE hAve LArNéed T Sotoine A
specifiC ProbLem. Suppose ! NAD A moLecuLé
shApPE ANE T firsT APPrOXIMATION we
MDLECULE To ComsisT of A

of sime
CAN IMAGINE ThiS
Nombér oF Diskrere MASSES fnd

SPONGS, '
Ks K
1Y ?ﬂ-
K
Ky
1Ly %,
q K3 3

Each mMASS 15 decribed by 3 coordinates
Suth ThAT The KiNence ENESGY
KE =

L, Y, 2, Xy, Yo, 22, oo
o The SySTEMm IS &IVeN by

. . MR ] . . * L

72 ”’Cxtt'*y:t + 2, )t 1 m (X Y2 F2L)

The PowzmTIAL N ErGY 15 GIVEN by

vV = V(X-,y,,%;} X1, Y, 22, e

Now { wWhANT To De¢Siribe Trhe SYSTEM by A Mew SeT o]

ordimATES which 1 Shatl Define T be:
i: = Jmy Xy cl;:f;;m %s:{-l:gi; 4 -
Wit ThEsSE MNewd OACIAbLES " We MBY wriTé
N T
KE = = 1g; P& = VI, G, ---)

it The SYSTEM 1S ;M eQuilibriowm  The énerey IS A
MINIMUM, 1§ ThIS §TATE 18 Defrved by The seT of uﬁnﬂb:.esg'
M CONEITION whicth MusT be SATIShed 1S év/a% ](E : O.

This we cAVv EXPAN G ADOUT This 6QUILI brmiuM STATE FOF S MALL

PerTurbATIONS 2. LeT g = cZ-f € ExPANdING V AS A

Pow &r Se€ries Giv Es

LS

- = _ = Vv

VT‘ VC‘J : —‘“-)1 ZC : T 1 a‘*}{ ﬂf"li(' ')a"‘"“

b3 - CF g a%i’%* 2"3%%33:33;
1+ hiehéyr order Terms

Ntw ALl ArsT ofder Terms

2ero ™ OFdeEr Aadd  Hecond

£

= 0. Mhed ALL we reThiN 1S Tht

order Term. |1 we redehine oor vAndbLes

Srom The eQuUiLibrium -%» s ‘j;a‘" 2-%: Then oNLY The QUAdrATIC
TETMM fmaipS.
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temi sty Vo by Dehmive The nNew QuAINTY, Co,
s0Uh ThAT c. = ,§1_V
N 9¢: 994
The enef6y of The SYSTEM cfn MOW be WRTTEN As
Er 4T 40 ¢ 31T GGy
The SYSTem hAS beeo reduced To A SeT of PAMTcLEs Avd

INTECCONNETING SPOCINGS, C;J YEPCESENTS The (MTET ACTINGD *f-brces

beTw et PAYMICLES. WITh The TOTRL ENEGY WE (AN SDLUE FOr
The equAMON oF MaTIoN by #w hiddiNe The moTioN wWhich
MINIMIZES The ACMON. To Acompiish Tas we wWRITE The
Laermaan L Joc The SYSTEM,

LI

L= KE -PE = TTg - 1E05%%
Niw wée wANT TO piNIiny e Thid RINCNION | 1t
A
5 ( j—LZ%. (t) - Jz‘_,ZC.,J (gt‘gJ)C'H._ = Mman
tJ

To Proceed L&T c;; = 9 w h &6 f
MoRoY of The (N PAMTICLE ANd 7 4 TS PerTerpAMON Fram
This MITIOM. DifreqenTIANNG ANd S¥DSTTUNPG wé 6eT 7o

frsT order n ‘
- 5 (% gé n o+ %C.‘j%:n‘-)df 2

TO DE A MINIMUM ThE foLLdwin & Condifion

iS The corréecdT

For Mg INTeer AL
MUsST be MET o

- 9 t) = Z Ci; g; t)
T™his  condiMon 1S g seT of egummons ot pmmon  which
SEYS  ThE ALElerAMION ot The (2 parilé s Dot TO fa The

sum 0T ML The OMer Jorces BCTING od 1T W ¢ ruw drom
I . N Thee  fre M ditterenT 1AL CQUATIOMS |

WE N0W WAST To JdiSCUSS The SO0MNoNy To Thede
EpofrToNs 1IN MATYiIXx PNOTAPTION. The %‘3 At REPregewTed
by A colem®  MATrX | SOMeTImes chtied & VECTOR,

%
3. (v
gn
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The Symbol Cg SThids +for A wNormaL MATTIX c
lu ovr New NOTHMON  we nﬁ*y SEVR €Q umomS of

MoTOM 7O - ]
_3.‘ = C %'

ThyS ThE SOLUTION hfs The ProPerTY ThAT TS Seccopdd Deénufnue
IS ProporNONL TO iTSetf. We MY 6055 A SOLUTION SIMLE

We NAUE Scend THAS €QUATION €99 bejore. WE KN0W by SMTTIve
The MoTion 1IN A CETMM WAY ALL The MISTUrb AWCES (uill

TEsOoNd AT ChAVATTENSTICE  AVeqQuencies. The (hArACTensMC MOTION
of The 3;31‘%»4_13 Described by TS NOrMAL MOdES. ThesE

NOrmAL MODES i | Wwill be The >0L0MON TO Tht Abou€ EQUAMON, LE
The sAnsty The eQuALITY — cwt

3; = Ul @
Now we& (will PLrSYeE The AMYSIS 1N MATrix PITINONM

BUT LET ME cAUNON Th#T The onty viRTNE 0t Thid APProAch

15 one of ExPenNtency. IT SAVS Y0u PAPer BUT )T Doesn'T Do
MYThiNGe  &LSe. You DON'T UNAESTANd The Problem oy ENASIEr

IN PIET W YOU five NOT (irche The oTATION will comtuse You.
Thos  UsiNG OUfr MATY X NOTAMOIN We My WnTE The
EQummoans of momoN A

Wiy = & oar =AW
The PACAMeTEr A 1S federed 1@ AS The &ibenN v AL UE oR

Elogd Freguencies oF The mMoTioM. Mow wé nNeed The o 'S
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